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Abstract-Fundamental thermodynamic equations are presented for anisotropic bodies with account for
thermal effects. Definitions for Gibbs energy and partial molar quantities with respect to a direction chosen in
an anisotropic phase, as well as expressions for the chemical potential tensor of an immobile component of a
solid and for the chemical affinity tensor for a physicochemical process (including chemical reactions) in
terms of the strain tensor variables and mixed variables including one component of the stress tensor are
proposed. Conditions of stationary affinity and phase equilibrium are deduced. The mechanochemistry of
polymorphous transformations is formulated for the cases of first- and second-order phase transitions.

INTRODUCTION

Thermodynamic relationships of mechanochemistry
related to isothermal processes have been derived in
[1]. Aiming at the study of pure mechanical effects,
we compared chemical affinity (starting any physico-
chemical process, chemical reactions inclusive) at
different mechanical states, but at the same tempera-
ture. This means that either thermal equilibrium with
the environment can be established during mechanical
action on the system (i.e., the mechanical action is
slow enough), or a physicochemical process at a given
mechanical state of the system is observed for such a
long time that the prehistory of the mechanical action
(even if it fast enough) is of no significance any
longer. Investigation of mechanochemical effects
under such conditions is of principal importance: It
will suffice to mention here the experiments on dis-
solution of bent crystalline plates [2]. Fast physico-
chemical processes that occur under fast mechanical
action may involve temperature changes (naturally,
we are interested in the mechanothermal effect
produced by the mechanical action itself, but not in
the trivial heat of chemical reaction). Note that the
term [fast] is not necessarily understood as a[far-
from-equilibrium.] If, for instance, one speaks about
nanoparticles, the equilibrium in them is attained fast.
Mechanical equilibrium is known to be attained with
the sound velocity. For particles sized in the range
1031000 nm at the sound velocity of order 1000m/s,
the time of attaining mechanical equilibrium will be
of order 1031131039 s, which is considerably shorter
than even fast (pulse) actions of order 103831039 in a
real process of mechanical treatment of particles [3].
Although phonons (if speaking about the phonon
mechanism of heat conduction) also move with the

sound velocity, thermal equilibrium will be attained
with a slight delay, if for no other reason that the
thermal (mechanothermal) effect is a consequence of
the mechanical action. However, thermal equilibrium
is also attained fast enough in small systems.

Though mechanothermal effect can be sufficient-
ly strong, leading to local temperature pulses of up to
1000 K [3], it follows from above that, in the theore-
tical analysis of the problem, we may rely on equilib-
rium thermodynamics when dealing with small
systems or small parts of a large system in the local
equilibrium approximation. The form of thermo-
dynamic relationships does not depend on whether
the thermal effect is of mechanothermal origin or
results from chemical reaction or even from direct
thermal action. It is important for us that both
mechanochemical and thermal effects will be taken
into account together.

1. FUNDAMENTAL THERMODYNAMIC
EQUATIONS AND PARTIAL MOLAR

QUANTITIES

We start from the differential fundamental equation
for free energyF that, under isothermal conditions,
takes the form (see Eq. (6.2.3) in [1])

(dF)T = Ê : dV̂ + m̂j :dN̂j + Smi dNi, (1.1)
i

whereT is temperature,
^
E is the stress tensor with the

componentsElm,
^
V is the volume displacement tensor

with the componentsVlm (strain tensor multiplied
by volume), m̂j is the chemical potential tensor for
an immobile component of a system (symbolized byj)
with the componentsmj(st),

^
Nj is the mass displacement



RUSSIAN JOURNAL OF GENERAL CHEMISTRY Vol. 72 No. 3 2002

328 RUSANOV

tensor (volume displacement tensor multiplied by
concentration) with the componentsNj(st), mi and Ni
are the chemical potential and the amount (we will ex-
press it by the number of moles) of theith mobile
component of the system. The colon designates a
biscalar product of tensors:

3 3
Ê:dV̂ = S ElmdVlm = V S Elmdelm, (1.2)

l,m=1 l,m=1

3
m̂j :dN̂j = S m j(st)dNj(st) . (1.3)

s,t=1

(elm are the components of the strain tensorê).

The notions of the chemical potential tensor and
the mass displacement tensor have been explained in
detail in [1]. Mobile components are met in gases,
liquids, and solids, and they characteristically migrate
freely over the whole system. For such species, the
chemical potential tensor turns to be spherical and
may be written in a scalar form. Immobile components
are characteristic of solids (crystalline or amorphous)
whose particles are firmly fixed at their sites and form
a lattice (regular for crystals and irregular for amor-
phous bodies). With no essential loss in generality,
one may postulate that there is always a single
immobile component consisting of the set of sub-
stances forming the lattice. The chemical potential of
an immobile component is closely related to lattice
stresses (always present in the lattice) whose aniso-
tropy inevitably causes the anisotropy of the chemical
potential of the immobile component. Therefore,
together with the stress tensor, the tensor of the
chemical potential of an immobile component auto-
matically appears in Eq. (1.1). The interrelation
between these tensors is given by the relationship [1]

m̂j = (fj 3 vjSmici)1̂ 3 vjÊ, (1.4)
i

where fj and vj are the free energy and the system
volume per 1 mol of an immobile component, respec-
tively, c is concentration, and

^
1 is the unit tensor.

We now have to cancel the isothermal condition
and to discuss the term3SdT (S is entropy andT is
temperature) that naturally suggests itself on the right-
hand side of Eq. (1.1). The question arises of whether
the thermal term should also be written in a tensorial
form? Stuke [4] was the first to declare temperature to
be a tensor. Indeed, if we remember that entropy
fluxes are vectors and that several fluxes can attack a
system simultaneously, why not to introduce a ten-
sorial temperature as we have done with the chemical
potential of an immobile component when considering

matter flux vectors [1]? However, in that work we
dealt with an immobile component. Once a com-
ponent becomes mobile, its chemical potential
acquires isotropy even if the anisotropy of stresses is
maintained. The surface layer of a liquid can be a
good example: The normal and transverse pressures
are different in the surface layer (because of which
surface tension arises), whereas the chemical poten-
tials of species are isotropic. All-pervading heat can
scarcely remind an immobile component, but it can
be compared with a mobile component. The analogy
between heat and a mobile component becomes ab-
solute if one turns to the phonon theory of dielectrics
whose thermal properties are determined by the be-
havior of a gas of quasi-particles, phonons. Phonons
move freely over the whole system and are un-
doubtedly mobile components, the temperature play-
ing the role of their chemical potential. When passing
from dielectrics to metals, electrons (to be more exact,
their part forming the electron gas) join phonons in
the process of heat conduction, but the electrons are
also typical mobile components. Thus, the arguments
relating to the nature of heat make us to draw the
following conclusion: Even if temperature is really a
tensor, it should be a spherical tensor, so that the
additional, thermal term in Eq. (1.1) may be written
in a scalar form. We now proceed to a more general
equation for the free energy of a uniform system (1.5)

dF = 3SdT + VÊ:dê + m̂j :dN̂j + SmidNi. (1.5)
i

If the amount of an immobile component is fixed
(the system being closed all round for this component,
so thatd

^
Nj = 0 ) and equals 1 mol, Eq. (1.5) is written

as Eq. (1.6)

dfj = 3sj dT + vjÊ:dê + Smi dNi(j)
i

3
= 3sj dT + vj S Elmdelm + Smi dNi(j), (1.6)

l,m=1 i

wheresj = S/Nj and Ni(j) = Ni/Nj are, respectively, the
system entropy and the number of moles of theith
mobile component, both per 1 mol of the immobile
component. By cross differentiation in Eq. (1.6), we
obtain Eq. (1.7)

= 3vj 77
§T

�

�
9

�

�
9

v,Nj,Ni

§Elm = 3vjhlm,

77
§sj

§elm

�

�
9

�

�
9

T,est# lm,Nj,Ni
^

^^

(1.7)

where, at fixed quantities, dummy indices run all
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possible values (restrictions, if any, are pointed out;
for example, the condition of constancyest#lm means
that s and t run all possible values except forl andm,
respectively, i.e. all the components of the strain
tensor are fixed except forelm; the constancy of the
tensor itself is indicated if all its components are fixed
simultaneously). In Eq. (1.7),hlm is the thermal stress
coefficient showing what additional stress, in a direc-
tion chosen, arises in a closed system of a fixed con-
figuration (therefore,vj acts as a constant here) when
the temperature is changed by one degree. The value of
this coefficient is determined by the state equation of
the system. The set of the coefficientshlm (l, m =
1, 2, 3) forms the tensor of thermal stress coefficients
ĥ that can be defined as the temperature derivative of
the stress tensor:

77
§E

§T

�

�
9

�

�
9

e,Nj,Ni
^

.h =^
^

^

(1.8)

Together with the tensor of thermal strain coef-
ficients

^
q (analog of the thermal dilatation co-

efficient for isotropic systems)

77
§e

§T

�

�
9

�

�
9

E,Nj,Ni
^q =^

^

^
(1.9)

the tensor of thermal stress coefficients serves as a
main index of the thermomechanical effect.

Passing now from free energyF to internal energy
U, according to Eq. (1.10)

U = F + TS (1.10)

and differentiating Eq. (1.10) with subsequent substi-
tuting Eq. (1.5), we obtain

dU = TdS + Ê:dV̂ + m̂j :dN̂j + Smi dNi. (1.11)
i

The termTdS has the meaning of the amount of
heatdQ transferred to the system from outside. Under
adiabatic conditions,dQ = 0 and Eq. (1.11) becomes

(dU)Q = Ê:dV̂ + m̂j :dN̂j + Smi dNi. (1.12)
i

Comparison of Eqs. (1.1) and (1.12) shows that
the variation in free energy under isothermal condi-
tions and the variation in internal energy under adia-
batic conditions are given by the same expression.
This is not surprising, since the above characteristic
functions both serve as thermodynamic potentials
under the specified conditions, i.e. they are quantities

r

Fig. 1. To the calculation of thermodynamic functions
by integration in ther direction.

whose change yields the work of a process. According
to [1], the consequences of Eq. (1.1) for free energy
are the same as the consequences of Eq. (1.12) for
internal energy, so there is no need to analyze
Eq. (1.12) in detail.

To deduce an integral expression for energy, we
use the following method. Let us choose a directionr
in space (with one of the axes of Cartesian coordinates
along the direction, see Fig. 1) and move the body
boundary in this direction simultaneously with adding
matter only along this direction. For such process,
Eq. (1.11) takes the form

dU = TdS + ErrdVrr + mj(rr )dNj(rr ) + Smi dNi, (1.13)
i

where all the rest components of the volume and mass
displacement tensors are zero. Integration of Eq. (1.13)
at a fixed physical state of the system yields

U = TS + ErrV + mj(rr )Nj + SmiNi. (1.14)
i

The value of the energy of a system should be
independent of the way of calculation and, in parti-
cular, independent of the choice of integration direc-
tion (then it follows from Eq. (1.14) that the sum
ErrV + mj(rr )Nj is invariant) or of fixing some variables.
Equation (1.14) is valid for any variations and, there-
fore, may be differentiated irrespective of any condi-
tions. Having performed this operation, we obtain

dU = TdS + SdT + ErrdV + VdErr + mj(rr )dNj

+ Njdmj(rr ) + Smi dNi + SNidmi. (1.15)
i i

Taking into account that the perfect differentials of
volume and number of moles are composed from
their directed variations:

3 3
dV = S dVll = S Vdell , (1.16)

l=1 l=1
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3
dNj = S dNj(ss), (1.17)

s=1

we may rearrange Eq. (1.15) to obtain

3

dU = TdS + SdT + Err S Vdell + VdErr
l=1

3

+ mj(rr ) S dNj(ss) + Njdmj(rr ) + SmidNi + SNi dmi. (1.18)
s=1 i i

Equating now the right-hand sides of Eqs. (1.11)
and (1.18) and taking into account Eqs. (1.2) and (1.3),
we come to

3

S (Elm 3 dlmErr)Vdelm 3 VdErr = SdT
l,m=1

3

3 S (mj(st) 3 dstmj(rr ))dNj(st) + Nj dmj(rr ) + S Nidmi, (1.19)
s,t=1 i

wheredlm is Kronecker’s symbol (the components of
the unit tensor

^
1 ). If the amount of the immobile

component does not change from any side (dNj(st) =
0) and changes are restricted to the mechanical state,
Eq. (1.19) takes the form

3

S (Elm 3 dlmErr)Vdelm 3 VdErr
l,m=1

= SdT + Nj dmj(rr ) + S Nidmi, (1.20)
i

where, as in Eq. (1.19), summation is carried out in
reality with respect to five and not six components of
the strain tensor, since the coefficient ofderr is zero
(the fundamental equation (1.20) has been formed in
such a manner that the independent variableerr has
been replaced by the independent variableErr).
Dividing Eq. (1.20) by the system volumeV,
we obtain

3

S (Elm 3 dlmErr)delm 3 dErr
l,m=1

= svdT + cj dmj(rr ) + S cidmi (1.21)
i

(sv is the bulk density of entropy) or, using the ten-
sorial notation,

(Ê 3 1̂Err) :dê 3 dErr = svdT + cj dmj(rr ) + S cidmi. (1.22)
i

When passing to an isotropic fluid system, the
conditions

^
E = Err

^
1 = 3p

^
1 (i.e. Elm = 3pdlm wherep is

hydrostatic pressure) andNj = 0 are fulfilled, and
Eq. (1.20) changes to the Gibbs3Duhem equation
which is well known in chemical thermodynamics

Vdp = SdT + SNidmi. (1.23)
i

Therefore, the fundamental equation (1.20) may be
considered a generalization of the Gibbs3Duhem
equation for mechanically anisotropic states. Naturally,
solid can also be present in a mechanically isotropic
state. Then we again arrive at the Gibbs3Duhem equa-
tion, the immobile component being included in the
sum standing in the equation.

In the absence of mobile components, the funda-
mental equation (1.20) gives directly the expression
for the differential of the component of the chemical
potential tensor for an immobile component in a direc-
tion chosen

dmj(rr ) = 3sjdT

3

+ vj[ S (Elm 3 dlmErr)delm 3 dErr ], (1.24)
l,m=1

where sj = S/Nj and vj = V/Nj are the molar entropy
and volume of the immobile component, respectively
(the reader can make sure that Eq. (1.24) is also ob-
tained by direct differentiation of Eq. (1.4) with use
of Eq. (1.6) in the absence of mobile components).
The chemical potentials of mobile components are
controllable, and, if they are fixed, Eq. (1.20) again
changes to Eq. (1.24). In this case, however,sj andvj
should be called not the molar entropy and volume of
an immobile component, but the entropy and volume
of a system per 1 mol of an immobile component (as
in Eq. (1.4)). Herewith, the quantityvj maintains its
meaning as the molar volume of an immobile com-
ponent, provided mobile components do not escape
the lattice formed by the immobile component. If,
however, mobile components escape the lattice (as it
occurs, for example, with the electron gas in metals),
then, firstly, such effects are of surface character and
may be often neglected at a high mass of the system,
and, secondly, the system boundary may be strictly
defined just along the lattice surface (with metals,
however, this will cause that inconvenience that the
system will no longer be electroneutral).
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We have written above the fundamental equations
for energy and free energy which play the role of
thermodynamic potentials at constant strain tensor,
amounts of all components, and entropy or tempera-
ture, respectively. For mechanically isotropic systems,
the constancy of the strain tensor is reduced to the
constancy of volume, but in practice, because of the
approximate constancy of atmospheric pressure, iso-
thermal3isobaric conditions are met more often.
Replacement of the constancy of volumeV by the
constancy of pressurep results in that the Gibbs
energy

G = F + pV, (1.25)

becomes a thermodynamic potential. For this reason,
the Gibbs energy is so popular in the thermodynamics
of solutions. The definition of the Gibbs energy be-
comes not unique for mechanically anisotropic states,
since pressure (as well as stress) is different along
different directions. The quantity3Err plays the role
of pressure in ther direction, and we may define the
Gibbs energyG in an anisotropic system as

Gr = F 3 ErrV = U 3 TS 3 ErrV, (1.26)

to relate it, in this manner, to the choice of direction
(this is marked by the subscript atG). It will be
emphasized that the Gibbs energy does not therewith
become a directed quantity and remains, like any
energy, a typical scalar.

By differentiating Eq. (1.26) with use of Eq. (1.16),
we obtain

3

dGr = dF 3 Err S dVll 3 VdErr (1.27)
l=1

and, after substituting Eq. (1.5) in Eq. (1.27) with ac-
counting for Eqs. (1.2) and (1.3), we arrive at the dif-
ferential fundamental equation for the Gibbs energy of
a uniform anisotropic system

3

dGr = 3SdT + V S (Elm 3 dlmErr)delm
l,m=1

3

3 VdErr + S mj(st)dNj(st) + SmidNi. (1.28)
s,t=1 i

Using tensorial notation, Eq. (1.28) may be writ-
ten as

dGr = 3SdT + V(Ê 3 1̂Err) :dê 3 VdErr

+ m̂j :dN̂j + SmiNi. (1.29)
i

If the amount of the immobile component is fixed
on all sides (d

^
N = 0) and equals 1 mol, from

Eq. (1.28) we may deduce the equation for the Gibbs
energygr(j) per mole of the immobile component:

3
dgr(j) = 3sj dT + vj S (Elm 3 dlmErr)delm

l,m=1

3 vj dErr + SmidNi(j) (1.30)
i

(the notation is the same as in Eq. (1.6)). From
Eq. (1.30) we obtain the following cross relationships:

77777777
�

�
9
§[vj(Elm 3 dlmErr)]

§T
�

�
9

est# rr ,Err ,Nj,Ni
^

= 3 ,

77
§sj�

�
9

�

�
9§elm T,est# lm ,Err ,Nj,Ni

^

77
§sj�

�
9

�

�
9§Err T,elm# rr ,Err ,Nj,Ni

^

77
§vj�

�
9

�

�
9§T elm# rr ,Err ,Nj,Ni

^= = vjqrr ,

77777777
�

�
9
§[vj(Elm 3 dlmErr)]

§Err

�

�
9

T,est# rr ,Nj,Ni
^

77
§vj�

�
9

�

�
9§elm T,est# lm ,Err ,Nj,Ni

^

st# rr

.= 3

st# rr

(1.31)

(1.32)

(1.33)

Introducing the thermal coefficient of linear dilata-
tion in the r direction (all other directions are blocked
by the conditions of fixation of the strain tensor
components):

qrr = 7
1
vj

77
§vj�

�
9

�

�
9§T elm# rr ,Err ,Nj,Ni

^
. (1.34)

the thermal stress coefficient under the condition that
the normal stress in ther direction is kept constant

hlm(rr ) = 77
§Elm�

�
9

�

�
9§T est# rr ,Err ,Nj,Ni

^
. (1.35)

and the isothermal compressibility in ther direction
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crr = 7
1
vj

77
§vj�

�
9

�

�
9§Err T,elm# rr ,Err ,Nj,Ni

^
. (1.36)

we rewrite Eqs. (1.31)3(1.33) in the form

77
§sj�

�
9

�

�
9§elm T,est# lm ,Err ,Nj,Ni

^
st# rr

= 3qrrvj(Elm 3 dlmErr) 3 vjhlm(rr ),

77
§sj�

�
9

�

�
9§Err T,elm# rr ,Nj,Ni

^ = vjqrr ,

77
§Elm�

�
9

�

�
9§Err T,est# rr ,Nj,Ni

^

= dlm 3 7
vj

1
77
§vj�

�
9

�

�
9§elm T,est# lm ,Err ,Nj,Ni

^
st# rr

3 crr(Elm 3 dlmErr).

(1.37)

(1.38)

(1.39)

In accordance with Eq. (1.16), the volume change
is contributed exclusively by the normal components
of the strain tensor. Therefore, only a small (because
of the low compressibility) term3crrElm remains for
the shear components of the stress tensorElm (l # m)
on the right-hand side of Eq. (1.39). For the normal
componentEll (ll # rr ), in view of the fixation of the
strain tensor component in the third direction, we have

77
§vj�

�
9

�

�
9§elm T,est# lm,Err ,Nj,Ni

st# rr

71
vj ^

= 77777
§(ell + err)

§ell
= 1 3 rl , (1.40)

where rl is a two-dimensional Poisson’s ratio in the
rl plane. In this case, Eq. (1.39) is rearranged to
the form

77
§Ell�

�
9

�

�
9§Err T,est# rr ,Nj,Ni

^ = rl 3 crr(Ell 3 Err). (1.41)

For an incompressible medium (rl = 1, crr = 0),
Eq. (1.41) yields equal variations of the acting stress
and the transverse stress at a one-sided compression
(the result is known in the theory of elasticity when
using an ordinary Poisson’s ratio). The same result
directly follows from Eq. (1.39) atv = const.

Let us return to Eq. (1.28). By integrating it along
the r direction at constantErr or, still easier, by sub-
stituting Eq. (1.14) in Eq. (1.26), we obtain the integ-
ral expression for the Gibbs energy

Gr = mj(rr )Nj + S
i
mi Ni. (1.42)

Correspondingly, for the molar Gibbs energy, we
have

gr = mj(rr )xj + S
i
mi xi, (1.43)

wherex is the molar fraction. Differentiating Eq. (1.42)
and comparing the result with Eq. (1.28), we again
arrive, as would be expected, at Eq. (1.19), from
where Eqs. (1.21) and (1.22) follow, whose form does
not depend on the choice of thermodynamic potential.

Equation (1.42), that is quite analogous in form to
the expression for an ordinary Gibbs energy in the
thermodynamics of solutions, shows that the Gibbs
energy for a direction chosen is also composed of
chemical potentials. In the thermodynamics of solu-
tions, this circumstance leads to the representation of
the chemical potential as a partial molar Gibbs energy.
Thus we see thatmj(rr ) is a partial molar quantity of
Gr. Indeed, from Eq. (1.28) we obtain

mj(rr ) =
�

�
9

T,elm# rr ,Err ,Nj( st# rr ) ,Ni

�

�
9

§Nj(rr )
777
§Gr . (1.44)

from which it follows that the normal component of
the chemical potential tensor of an immobile com-
ponent in ther direction is the increment of the Gibbs
energy corresponding to this direction, at adding
1 mol of the immobile component in the same direc-
tion to an infinitely large system. This addition is
carried out at the constancy of the temperature and
stress in the direction chosen, let alone that the varia-
ion of the mass of species and of the system dimen-
ions on all sides is forbidden. As a matter of fact, such
addition of the immobile component (which means
construction of a new portion of the lattice of the solid
in the direction chosen) inevitably reduces the con-
centration of mobile components. As a consequence,
the system state (including the mechanical state in
other directions) changes, but this is a second-order
effect for a macroscopic system.

If one replacesGr by an arbitrary extensive quanti-
ty, the derivative in Eq. (1.44) symbolizes the defini-
tion of a partial molar quantity for a given direction.
Since matter transfer is always directed, such exten-
sion of the notion of partial molar quantity is natural
and turns to be useful for direction-dependent quanti-
ties. However, application of this definition to
direction-independent quantities leads to ordinary
partial molar quantities (chemical potentials of
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mobile components, volume, entropy, etc.). This can
be illustrated by an example of entropy. Let us con-
sider the system entropyS as a function of the in-
dependent variables indicated in Eq. (1.28) and write
the exact differential of entropy in the form

dS= 77
§S
§T

dT + S 77

§S
§elml,m=1

(lm# rr )

3
delm + 77

§S
§Err

+ S 777
s,t=1

3
§S
§Nj(st)

dNj(st) + S77 dNi.
§S
§Nii

dErr

(1.45)

At this choice of variables and under the conditions
for the derivativeS/Nj(st), the r direction differs from
all other directions in that respect that this direction
is the only, along which geometrical dimen-
sions of the system may vary. In this sense, ther direc-
tion can be called a free direction, while the others,
restricted directions. Nevertheless, matter can be
added from all sides, but it is not compressed when
added in the free direction and is necessarily com-
pressed when added in restricted directions (to return
the system to the original size in each restricted direc-
tion). In a mechanically anisotropic system, compres-
sion in different directions leads to different states,
including differences in entropy, so that the value of
the derivative §S/§Nj(st) depends on the choice of
restricted direction. Let us now see whether the choice
of free direction affects the value of the derivative
§S/§Nj(st).

In accordance with the terminology accepted in
chemical thermodynamics, we call[open] those direc-
tions, along which matter exchange is possible, and
[closed] those directions, along which matter exchange
is forbidden. Let matter transfer be possible only along
the open directionr and all other directions be closed.
For this case, we write Eq. (1.45) as

dS= 77
§S
§T

dT + S 77

§S
§elml,m=1

(lm# rr )

3
delm + 77

§S
§Err

+ sj(rr )dNj(rr ) + S sidNi,
3 3

i

dErr

(1.46)

where
3
sj(rr ) and

3
si are the partial molar entropies of the

immobile (in ther direction) and mobile components,
respectively, defined, according to Eq. (1.44), as

sj(rr ) =
�

�
9

T,elm# rr ,Err ,Nj( st# rr ) ,Ni

�

�
9

§Nj(rr )
777
§S

,3

si =
3 �

�
9

§Ni
77
§S �

�
9

T,elm# rr ,Err ,Nj( st) ,Nk# i

,

(1.47)

(1.48)

(the subscriptsk and i refer to mobile components).

Considering a uniform equilibrium system, we ideally
select a rectangular parallelepiped in the form of a bar
oriented along ther direction (Fig. 1) and calculate
its entropy. To this end, we apply Eq. (1.46) to a
parallelepiped slice of infinitesimal thickness in ther
direction and integrate Eq. (1.46) along ther direction
at a given physical state (at constantT, elm# rr , Err ,
3sj(rr ), and 3si). The integration result

S = 3sj(rr )Nj + S
i

3si Ni (1.49)

shows that3sj(rr ) and 3si are really partial molar quanti-
ties. Formally,3sj(rr ) is the partial molar quantity in the
r direction, but, since the result (quantityS) must
be independent of direction, the quantity3sj(rr ) [the
only direction-related quantity in Eq. (1.49)] should
be the same for all directions. Thus, in contrast with
the derivatives of entropy for restricted directions in
Eq. (1.45), the derivative (1.47) for a free and open
direction is independent of the choice of direction.
Therefore, we may now omit the additional subscript
rr from the quantity3sj(rr ). The same applies to the
partial molar volume (introduced in [1] asvj(rr ))

vj(rr ) =
�

�
9

T,Vlm# rr ,Err ,Nj( st# rr ) ,Ni

�

�
9

§Nj(rr )
777
§V

,3 (1.50)

However, it should be added here that the specific
character of an immobile component (which forms
the solid lattice accommodating mobile components)
makes the partial molar volume of the immobile com-
ponent almost undistinguishable from its molar
volume. Thus, we may set3vj(rr ) = vj.

We now make an essential clause. The aforesaid
referred to uniform bulk (strictly speaking, infinitely
large) phases. In nonuniform and small systems the
partial molar quantities of the immobile component
may well be direction-dependent. It is known, for
example, that the state of small particles depends on
their shape. Adding the immobile component (to build-
up the solid lattice) from different sides can different-
ly change the shape of the body, thereby leading to
different states, including partial molar quantities.

2. EXPRESSIONS FOR CHEMICAL POTENTIALS

As a direct consequence of the Gibbs3Duhem
equation, we gave above Eq.(1.24) for the chemical
potential of an immobile component in the particular
case of the absence of mobile components or the con-
stancy of their chemical potentials. In practice, ho-
wever, more typical is the case when the amounts,
rather than the chemical potentials of mobile com-
ponents are constant (say, in a single piece of a solid).
So we have to find expressions for the chemical
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potentials of both immobile and mobile components
under such conditions. This work has been performed
in part in [1], but that analysis is rather incomplete.
We will here not only complement the relationships
obtained therein by accounting for thermal (entropy)
effects, but also refine the mechanical part of the
relationships.

General expressions for chemical potentials can be
derived from fundamental equations for free energy
and other characteristic functions. Turning first to free
energy, let us write Eq. (1.5), with accounting for
Eqs. (1.2) and (1.3), in the form

dF = 3SdT+ V S Elmdelm
l,m=1

3

+ S mj(st)dNj(st) + SmidNi,
s,t=1

3

i
(2.1)

from which follow the relationships

mj(st) =
�

�
9

T,e,Nj( lm# st) ,Ni

�

�
9

§Nj(st)
777
§F

^
,

S= 3
�

�
9

§T
77
§F �

�
9

e,Nj,Ni
^ ^ ,

�

�
9

§elm
77
§F �

�
9VElm =

T,est# lm,Nj ,Ni
^ ,

mi =
�

�
9

§Ni
77
§F �

�
9

T,e,Nj,Nk#i
,^ ^

(2.2)

(2.3)

(2.4)

(2.5)

where the partial derivative with respect to one of the
quantities standing in Eq. (2.1) under the differential
symbol, is taken at the constancy of all others.

If the amount of an immobile component is fixed
on all sides (d

^
Nj = 0), the quantitiesT, elm, and Ni

remains as variables in Eq. (2.1); therewith,Ni acquire
the character of intensive quantities. In these variables,
the perfect differentials of the chemical potentials of
immobile and mobile components are written as

dmj(st) = 7777
§m j(st)

§T
dT + S 777

l,m=1

3 §m j(st)

§elm
delm

+ S777
§m j(st)

§Ni
dNi,

i

dmi = 3 77
§m i

§T
dT + S 77

l,m=1

3

§elm

§m i delm + S77
i

§m i

§Ni
dNi.

(2.6)

(2.7)

After substituting Eqs. (2.4) and (2.5), changing
the order of differentiation, and subsequent using
Eqs. (2.2) and (2.3), Eqs. (2.6) and (2.7) transform to

dmj(st) = 7777 dT + S 777
l,m=1

3
§S
§Nj(st)

§Elm

§Nj(st)
Vdelm

+ S777 dNi,
i

§mi

§Nj(st)

dmi = 3 77 dT + S 77
l,m=1

3§S
§Ni §Ni

§Elm Vdelm

+ S77
i

§m i

§Ni
dNi.

(2.8)

(2.9)

All the derivatives in Eqs. (2.8) and (2.9) are taken
under the conditions shown in Eqs. (2.4) and (2.5). In
particular, these conditions include the constancy of
strain tensor and, hence, the constancy of volume.
This allows us to placeV outside the derivative when
differentiating VElm. Due to the constancy of
volume, Eq. (2.9) for the chemical potential of a
mobile component may be written as

dmi = 3 77 dT + S 77
l,m=1

3§sv
§ci §ci

§Elm delm + S77
i

§m i

§ci
dci, (2.10)

wheresv = S/V is the entropy density andci = Ni/V is
the concentration of theith mobile component.

The derivativeElm/Nj(st) implies that the lattice of
an immobile component is built up under the condi-
tion of the constancy of volume and, therefore, under
the condition of continuous compression. The relation
of this derivative to the elastic properties of the lattice
has been derived in [1] [Eq. (6.1.22)]:

777
§Elm

§Nj(st)
= 3 7 777

vi

V

§Elm

§est
= 3 7 llmst,V

vj (2.11)

where llmst is the corresponding elasticity modulus.
Substitution of Eq. (2.11) transforms Eq. (2.8) to the
form

dmj(st) = 3 777
§S

§Nj(st)
dT 3 vi S llmstdelm

l,m=1

3

+ S 77 dNi.
§mi

§Nj(st)i
(2.12)

Equation (2.12) is reduced to Eq. (6.2.31) (see [1])
at the constancy of temperature and of the amount of
mobile components. Note that the derivatives of en-
tropy in Eqs. (2.10) and (2.12) are not partial molar
quantities. Indeed, these derivatives are taken at the
constancy of the temperature and the strain tensor of
a system (i.e. at the invariability of the whole boundary
of the system). Under such conditions, introduction
of an additional amount of the immobile component
to the lattice along a certain direction means lattice
compression and change in the mechanical state
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(stress) of the lattice even in this direction, let alone
the others.

More convenient expressions can be obtained from
the fundamental equation (1.28) for the Gibbs energy
in the r direction, where, compared with Eq. (2.1), the
independent variable err is replaced by Err .
From Eq. (1.28) we have

S= 3
�

�
9

§T
77
§Gr �

�
9

elm# rr ,Err ,Nj ,Ni
^ ,

V(Elm 3 dlmErr)

=
�

�
9

§elm
77
§Gr �

�
9

T,est# lm,Err ,Nj ,Ni
st#rr

,

V = 3
�

�
9

§Err
77
§Gr �

�
9

^

T,elm# rr ,Err ,Nj ,Ni
,^

mj(st) =
�

�
9

T,elm# rr ,Err ,Nj( lm# st) ,Ni

�

�
9

§Nj(st)
777
§Gr ,

mi =
�

�
9

§Ni
77
§Gr �

�
9

T,elm# rr ,Err ,Nj ,Nk#i
^ ,

(lm # rr )

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

where the partial derivative with respect to one of the
quantities standing in Eq. (1.28) under the differential
symbol is taken at the constancy of all others.

If the amount of an immobile component is fixed
on all sides (d

^
N = 0), chemical potentials become

functions of temperatureT, the componentselm,
except forerr , of the strain tensor, and the amounts (in
moles) of mobile componentsNi. Correspondingly,
the differentials of chemical potentialsmj(st) andmi are
given by the expressions

dmj(st) = 3 777
§m j(st)

§T
dT + S 777 delm

§m j(st)

§elml,m=1
lm#rr

3

+ 777 dErr + S777 dNi,
§m j(st)

§Err

§m j(st)

§Nii

(dmi)Nj,Ni
= 3 77 dT + S 77 delm

§m i

§T
§m i
§elml,m=1

lm#rr

3

+ 77 dErr + S 77 dNi,
§m i §m i
§Err §Nii

^

(2.18)

(2.19)

where the partial derivatives are taken at the constancy
of the quantities indicated in Eqs. (2.13)3(2.15) and
(2.17). After substitution of Eqs. (2.16) and (2.17) in
Eqs. (2.18) and (2.19), respectively, we now reverse
the order of differentiation in the second partial deri-

vatives and apply Eqs. (2.13)3(2.15) and (2.17). These
operations lead to the expressions

dmj(st) = 3 777 dT + S 7777777 delm
l,m=1
lm#rr

3

+ 777 dErr + S777 dNi,i

dmi = 3 77 dT + S 7777777 delm
l,m=1
lm#rr

3

§S
§Nj(st)

§[V(Elm 3 dlmErr)]

§Nj(st)

§V

§Nj(st)

§m i
§Nj(st)

§S
§Ni

§[V(Elm 3 dlmErr)]

§Ni

+ 77 dErr + S 77 dNi.
§m i

§Nii

§V
§Ni

(2.20)

(2.21)

It is of note that, under the condition of constancy
of variables, the volumeV in these expressions is no
longer constant and is to be differentiated. By contrast,
the stressErr is considered as a constant, and, there-
fore, the termdlmErr disappears on differentiation. As
a result, Eqs. (2.20) and (2.21) take the form (the
derivatives of entropy and volume may right away be
replaced by partial molar quantities in the expression
for mobile components):

dmj(st) = 3 777 dT + S [ 777 (Elm 3 dlmErr)
l,m=1
lm#rr

3

+ V 777]delm 3 777 dErr + S 777 dNi,

§S
§Nj(st)

§V
§Nj(st)

§Nj(st)

§Elm

§V

§Nj(st) i

§m i

§Nj(st)

dmi = 3sidT + S [vi(Elm 3 dlmErr) + V 77 ]delm
§Elm

§Ni

3 3

l,m=1
lm#rr

3

3 vidErr .
3

(2.22)

(2.23)

For the sake of further transformation of Eq. (2.22),
we detail the derivatives§V/§Nj(st) and §Elm/Nj(st)
which should be now treated with accounting for that
the r direction is free. The expression for the first of
these derivatives we derived earlier {see [1],
Eqs. (6.1.26) and (6.1.30)}

777 = dst srvj,
§Nj(st)

§V (2.24)

where sr = 3derr /dess is a two-dimensional Poisson’s
ratio in thesr plane. As for the derivative§Elm/§Nj(st),
we may again use Eq. (2.11) with the specification
that the modulusllmst is now of another meaning (we
will mark it with a prime). Indeed, since ther direc-
tion is free, addition of matter along another (always
restricted) direction will mean not only compression
of the matter in this direction, but also dilatation in
the r direction in accordance with Poisson’s ratio. If,
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however, matter is introduced along the free direction,
intensive parameters of the system do not change at
all, and the derivative§Elm/§Nj(st) becomes zero. In
view of the aforesaid, we write Eq. (2.22) atst # rr as

+ vj S [dst sr(Elm 3 dlmErr) 3 l l̀mst]delm
l,m=1
lm# rr

3

dmj(st) = 3 777 dT
§Nj(st)

§S

3 dst srvj dErr + S 777 dNi.§Nj(st)

§mi
i

(2.25)

The simplest expression for the chemical potential
of an immobile component results atst = rr . Then,
according to the definition of partial molar quantities,
the derivatives of entropy and volume are replaced by
their partial molar values for the immobile component
(herewith, the partial molar volume may be replaced
by the molar volume, as it was said above), whereas
ll̀mrr becomes zero (this circumstance was not taken
into account in [1]). As a result, we have

dmj(rr ) = 3sjdT + vj S (Elm 3 dlmErr)delm
l,m=1
lm# rr

3
3

3 vjdErr + S 777 dNi.§Nj(rr )

§mi

i
(2.26)

By comparing Eq. (2.26) at fixed amounts of
mobile components (dNi = 0) with Eq. (1.24), we note
that the only difference is that molar entropy is re-
placed by partial molar entropy. The conditions of
applicability of Eq. (2.26) are of practical significance,
since matter is most frequently transferred along a
free direction (other conditions may take place, for
example, in the presence of rigid semipermeable walls).

3. EXPRESSIONS FOR CHEMICAL AFFINITY
AND CONDITION OF STATIONARITY

Knowing the expressions for chemical potentials,
we may now write expressions for the chemical affini-
ty of an arbitrary physicochemical process, including
chemical reactions. The chemical affinity tensorÂ is
defined as [1]

Â = S
k

(nk̀m̂k̀ 3 nk̀̀ m̂k̀̀ ) = DS
k
nkm̂k, (3.1)

wherenk are stoichiometric coefficients, and summa-
tion is carried out over all components of the system.
The quantities related to the initial and final states of
the process (they can differ in space and time) are
marked with a single prime and a double prime,
respectively. In the second, more compact form of

Eq. (3.1), D symbolizes the difference of quantities
marked with single and double primes. If a component
is absent in the initial or final state, its corresponding
stoichiometric coefficient is zero. Dividing immobile
(symbol j) and mobile (symboli) components, we
may write Eq. (3.1) as

Â = DS
j
njm̂j + 1̂DS

i
njmi (3.2)

or, for the components of the chemical affinity tensor,

Ast = DS
j
njmj(st) + dstDSi

nimi. (3.3)

We here have to admit the existence of several
immobile components, as it happens, for instance, in
heterogeneous systems even under the condition that
each phase contains only one immobile component.

To bring into the picture the effects of temperature
and mechanical state on the components of chemical
affinity (at specified amounts of all substances in the
initial and final states of a physicochemical process),
one should write Eq. (3.3) in a differential form

dAst = DS
j
nj dmj(st) + dstDSi

ni dmi (3.4)

and apply any of the above expressions for the che-
mical potentials of immobile and mobile components
(2.10), (2.12) or (2.23), (2.25). If the transport of
matter proceeds in ther direction, the most important
for practice turns to be the expression

dArr = DS
j
nj dmj(rr ) + DS

i
ni dmi. (3.5)

Substituting first Eqs. (2.10) and (2.12), and then
Eqs. (2.23) and (2.26) in Eq. (3.5), we obtain two
expressions for the chemical affinity differential with
different sets of variables:

(dArr)Nj,Ni
= 3DSnj( 777 dT + vj S llmrrdelm)

§Nj(rr )

§S
l,m=1

3

j

3 DSni ( 77 dT 3 S 77 delm),
§ci

§sv
i l,m=1

3

§ci

§Elm

^

(dArr)Nj,Ni
= 3DSnjsjdT 3 DSnisidT^

j i

3

+ DSnjvj[ S (Elm 3 dlmErr)delm 3 dErr ]
l,m=1

3

j

+ DSni{ S [vi(Elm 3 dlmErr) + V 77] delm 3 vidErr}.§Ni

§Elm
i l,m=1

3

3

3 3

(3.6)

(3.7)

For processes involving no matter movement in
space (chemical reactions, polymorphous transitions,
etc.), the initial and final states are usually compared
at the same temperature. Then the perfect differential
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of chemical affinity (3.6) may be written in a more
compact form as

(dArr)Nj,Ni
= 3D(Snj( 777 dT + S ni 77)dT

§Nj(rr )

§S
j

^
l,m=1

3 §S
§Ni

3 S D[(Snjvjllmrr 3 Sni 77) delm].
§Elm
§cil,m=1

3

j
(3.8)

If not only temperature, but also stressErr is equal
for the initial and final states, the representation of the
perfect differential of chemical affinity (3.7) is
simplified:

(dArr)Nj,Ni
= 3DSdT3 DVdErr

^ 3 3

+ S D{[ V(Elm 3 dlmErr) + VSni 77] delm}.
§Elm

§Ni

3

l,m=1

3

i

(3.9)

Here
3
S and

3
V are the entropy and volume of a stoi-

chiometric mixture of substances:

3
S = S

j
nj
3sj + S

i
ni
3si, (3.10)

3
V = S

j
nj vj + S

i
ni
3
vi, (3.11)

so that 3D
3
S and 3D

3
V are the entropy and volume

effects of the physicochemical process under consi-
deration, respectively.

The value of chemical affinity determines the rate
of a physicochemical process, while the sign of the
chemical affinity determines the direction of the
process ([plus] corresponds to the direct, a[minus] to
the reverse process). When the affinity is zero, the
process ceases, and the equilibrium involves the
substances in the initial and final states. Generally, the
chemical affinity and the rate of a physicochemical
process are related by a coefficient whose value
depends on the temperature and the mechanical state
of the system. Therefore, one cannot ensure that, in
the course of the process, the constancy of chemical
affinity implies a stationary process. This is true only
in the case of equilibrium, since the process rate will
be always zero if the chemical affinity remains equal
to zero. For this reason, equations for stationary
affinity (which are valid at any its value) turn to be
the most important in practice for equilibrium states
and are most frequently used for studying just these
states.

At given amounts of substances in the initial and
final states of a physicochemical process, the differen-
tial equation of the stationarity of chemical affinity
can be obtained from Eqs. (3.8) and (3.9) by setting
dArr = 0:

D(Snj 777 + Sni 77)dT
§S
§Ni

§S
§Nj(rr )j i

3 S D[(Snjvjllmrr 3 Sni 77] delm],
l,m=1

3

j i

§Elm

§ci

DSdT= 3 DVdErr
33

+ S D{[ V(Elm 3 dlmErr) + VSni 77] delm}.
l,m=1

3 §Elm

§Nii

3

(3.12)

(3.13)

Equation (3.12) gives temperature as a function of
the components of the strain tensor in the initial and
final states of a process. Equation (3.13) gives tem-
perature as a function of the normal component of the
stress tensor in ther direction and the complementary
components of the strain tensor for the initial and final
states. If a process is carried out, as it often occurs, at
a constant stress, all the components of the strain
tensor can be expressed through (common for the
initial and final states) six components of the stress
tensor. Using these variables, the dimensionality of
the state diagram is 7, and the temperature of stationary
affinity makes a six-dimensional hypersurface in a
seven-dimensional space. Note that the second term
on the right-hand side of Eq. (3.13) reflects the speci-
ficity of the mechanical anisotropy of a system. This
term disappears on passing to a mechanically isotropic
state (we remind that the derivative standing there is
taken at constantErr and, therefore, becomes zero at
Elm = Err).

The above relationships are of general character
and apply to any processes in time and space: che-
mical and physical and directed and undirected. This
makes these relationships valuable. However, the
above reasoning may seem to be too abstract. To un-
derstand them better, a representative example is
needed, involving both directed and undirected pro-
cesses and illustrative of the role of mechanical aniso-
tropy. Evidently, a solid should be considered, and we
choose polymorphous transformations for such an
example.

4. POLYMORPHOUS TRANSFORMATIONS

The gist of polymorphism is that, depending on
external conditions (thermal and mechanical action,
external fields, etc.), spatial structures of various types
can arise in a system of a given chemical composition.
In other words, the lattice formed by an immobile
component can change its type (symmetry) depending
on external conditions. As was already noted, the
concept of lattice is applicable not only to crystals,
but also to amorphous solids (in the latter case, the
lattice is characterized by random location of its
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sites in space). Therefore, amorphization of solids can
also be classified conditionally as a polymorphous
transformation. From the thermodynamic standpoint,
polymorphous transformations are phase transitions
of the first or second order. Let us consider these two
cases separately. For the sake of simplicity, the sys-
tem is implied to contain only one immobile com-
ponent and no mobile components.

4.1. First-Order Phase Transitions

If a phasea transforms to a phaseb through the
mechanism of a first-order phase transition, the phases
contact each other and have a common interface. The
r direction of matter transfer from phasea to phaseb
can be then defined as the direction of an external,
with respect to phasea, normal to the interface.
Correspondingly, the transition will be governed by
chemical affinity

Arr = m aj(rr ) 3 m bj(rr ), (4.1.1)

where ma
j(rr ) and m b

j(rr ) are the components in ther
direction of the chemical potential tensor for the only
immobile component in phasesa andb, respectively.
At phase equilibrium, we have

Arr = 0, m aj(rr ) = m bj(rr ). (4.1.2)

The range of state parameters, where maintenance
of the phase equilibrium is possible, is determined,
depending on the choice of variables, by Eqs. (3.12)
and (3.13) which in the case in hand (vj = 1, vi = 0,
3
S = sj,

3
V = vj), take the form

D 777 dT = 3 S D(vjllmrrdelm),
§S

§Nj(rr ) l,m=1

3

DsjdT = 3DvjdErr + S D[vj(Elm 3 dlmErr)delm],
l,m=1

3

(4.1.3)

(4.1.4)

whereD now symbolizes the difference in a quantity
for phasesa andb. In particular,Dsj andDvj are the
molar entropy and molar volume effects for the
reverse phase transitionb6a:

Dsj = saj 3 sbj, (4.1.5)

Dvj = vaj 3 vbj (4.1.6)

(molar and partial molar quantities coincide for one-
component phases). Equation (4.1.3) is convenient
when polymorphous modifications are compared at
the same state of strain. If, however, polymorphous
modifications are compared at given stresses,

Eq. (4.1.4) turns to be more convenient. In the equilib-
rium state diagram, both the equations specify a hyper-
surface separating the regions of existence of phasesa
and b (coexistence of the two phases is possible on
the hypersurface itself).

Equation (4.1.4) can be obtained directly from the
equilibrium condition derived by Gibbs (who, as is
known, never used the notion of the chemical potential
of a solid) for a stressed solid contacting with a liquid
along a certain direction [5]. Under conditions of iso-
tropic deformation produced by hydrostatic pressure
p (Elm = dlmErr = 3dlmp), Eq. (4.1.4) is reduced to the
known Clapeyron3Clausius equation

77 = 77 .
dT
dp

Dvj

Dsj
(4.1.7)

The equation of the same simple form is obtained
from Eq. (4.1.4) in the case of one-sided compression
(in the theory of elasticity, this term designates
longitudinal compression of a column under the con-
dition that its transverse dimensions cannot change)

77
§T �

�
9

elm# rr

�

�
9

§Err
= 3 7 .

Dvj

Dsj
(4.1.8)

As correctly noted in [5], the same equation is also
obtained for any small strain, provided the initial state
of a solid is isotropic, i.e.Elm = dlmErr (Kumazava has
derived a similar equation for one-sided compression
of a specimen under the condition of a uniform hydro-
static pressure [6, 7]). As for Eq. (4.1.8), it is not
related to the vicinity of an isotropic state.

It is seen from a comparison of Eqs. (4.1.7) and
(4.1.8) that the dependence of the temperature of
a polymorphous transformation on stress is the same
at all-sided and one-sided compression. The sign of
theentropy effectDsj is the same for all substances,
since the molar entropy of a high-temperature phase is
always larger than the molar entropy of a low-tem-
perature phase. However, the volume effectDvj can
have any sing. Most typically, the molar volume of
the high-temperature phase is also larger than the
molar volume of the low-temperature phase. Then the
signs of the volume and entropy effects of phase transi-
tion and the temperature of polymorphous transforma-
tion decreases with increasing stress, as shown in
Fig. 2 (the character of the dependence will be op-
posite when stress is replaced by pressure). However,
there exist abnormal cases of polymorphous trans-
formations (we can point out red and yellow modifica-
tions of PbO or monoclinic and tetragonal forms of
ZrO2 as examples) when the high-temperature phase
turns to be denser than the low-temperature phase, so
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that the derivativedT/dErr becomes positive (and the
pressure derivative negative).

Equation (4.1.4) can also describe the case of the
simple tension (or compression) of a column when
lateral stresses (but not strain) are constant, as it
happens, for example, at the tension of a column in
open air. The matter is that any diagonal summand of
the sum standing in Eq. (4.1.4) disappears not only at
constant strain, but also at constant stress if it is equal
to Err . We first consider the case when tension is
carried out along a certain direction (direction 1)
parallel to the interface, whereas the stress on the
interfaceErr is kept constant. If the column consists
of two phases, both phases will be subjected to a
variable stressE11 and constant stressesE22 = E33 =
Err (herewith, El#m = 0). Then Eq. (4.1.4) takes the
form

Dsj dT = (E11 3 Err)D(vj de11) (4.1.9)

and describes the behavior of the phase-transtion
temperature in a mechanically anisotropic system (it
is impossible to pass to an isotropic system in
Eq. (4.1.9) which then simply loses its sense). Passing
to the independent variableE11 and dividing both
parts of Eq. (4.1.9) bydE11, we arrive at the relation-
ship

77
dT �

�
9

Elm#11

�

�
9

dE11
= 7777 D

E11 3 Err

Dsj

�

�
9vj 77

dE11

de11 �

�
9. (4.1.10)

The derivativede11/dE11 can be represented as

77
dE11

de11 = 77
�

�
9

T,Elm#E11

�

�
9

dE11

d e11 + 77
�

�
9

�

�
9

d e11

dT
77
dT
dE11

= 777 + q11 77 ,
1

l1111

dT
dE11

Ê

(4.1.11)

where l1111 and q11 are Young’s modulus and the
thermal strain coefficient (the component of tensor
(1.9) in direction 1), respectively. Substitution of
Eq. (4.1.11) transforms Eq. (4.1.10) to the form

77
dT �

�
9

Elm#11

�

�
9

dE11
= 7777 D

(E113Err)
Dsj

�

�
9 77

l1111

�

�
9

vj
/

1 3 7777 D(vjq11)
E113Err

Dsj

9
9
9
9

3

3

9
9
9
9

3

3

. (4.1.12)

Equation (4.1.12) describes the dependence of the
phase-transition temperature on the excess stressE11 3
Err applied parallel to the interface. In the initial iso-
tropic state, the derivativedT/dE11 is zero, but it be-
comes more and more appreciable with increasing
excess stress.

Until the excess stress is small, the denominator of
Eq. (4.1.12) is close to unity. Thus one may set

77
dT �

�
9

Elm#11

�

�
9

dE11
; 7777 D

(E113Err)
Dsj

�

�
9 77

l1111

�

�
9

vj
, (4.1.13)

from which it follows that the phase-transition tem-
perature increases or decreases proportionally the
square of the stress applied. If, however, the stress is
so large that, inversely, one may neglect unity in the
denominator of Eq. (4.1.12), then Eq. (4.1.12)
changes to

77
dT �

�
9

Elm#11

�

�
9

dE11
; 7777

D(vjq11)

D(vj/l1111)
. (4.1.14)

The dependence ofT on E11, given by Eq. (4.1.14),
is practically rectilinear. Especially illustrative is the
case when the difference in the molar volumes of
polymorphous modifications is negligible. Then
Eq. (4.1.14) becomes

77
dT �

�
9

Elm#11

�

�
9

dE11
; 7777

Dq11

D(1/l1111)
. (4.1.15)

This case is hardly rare, since polymorphous trans-
formation is a structural one and involves primarily
changes in the shape of the body than in its volume
(which is usually rather small). When it comes to
anisotropic solids, we can easily imagine the case of
a first-order phase transition, when the molar
volumes are strictly the same, whereas some com-
ponents of the strain tensor have a break, let alone
such structural characteristics as Young’s modulus
and the thermal strain coefficient.

Equation (4.1.10) can be represented in one more
very compact form. Since Eq. (4.1.10) actually
describes the dependence of the phase-transition
temperature on the excess stressE11 3 Err , the iso-
tropic state atE11 = E22 = E33 may be conditionally
taken for the initial state of zero strain. Although the
derivative de11/dE11 is here not isothermal, one can
assume (because of the smallness of strain) a linear
dependence between the quantitiese11 and E11 3 Err .
Then, by putting the differenceE11 3 Err under the
symbol D, we can write Eq. (4.1.10) as

77
dT �

�
9

Elm#11

�

�
9

dE11
= 7777

Dsj

D(vje11)
. (4.1.16)

where the deformatione11, remember, is produced not
only by mechanical, but also by thermal effects.

We now consider the case when the interface is
perpendicular to the direction of uniaxial dilatation.
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Then E33 = Err is the variable stress applied to both
phases simultaneously at the constancy of all other
stresses (E11 = E22 = Ell, El#m = 0). From Eq. (4.1.4)
we have

77
dT �

�
9

Elm#rr

�

�
9

dErr
= 77 3 7777 S D

Dvj

Dsj

Err 3 Ell

Dsj l =1

2
vj 77
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�
9

�

�
9

dell

dErr
. (4.1.17)

By analogy with Eq. (4.1.11), one may use the
representation

77 =
�

�
977

�

�
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§ell

§Err

dell

dErr T,Elm#Err

+
�

�
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= 3 777 + qll 77 ,
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(4.1.18)

where lr is a usual (three-dimensional) Poisson’s
ratio,lrrrr is Young’s modulus for ther direction, and
qll is the thermal strain coefficient (the component of
the tensor shown in Eq. (1.9)) in thel direction.
Substitution of Eq. (4.1.18) in Eq. (4.1.17) leads to
the relationship
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�
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, (4.1.19)

which show how the excess uniaxial dilatation in a
direction perpendicular to the interface, affects the
phase-transition temperature. In the initial isotropic
state, the value of the derivativedT/dErr exactly cor-
responds to the Clapeyron3Clausius equation (and can
be small if the molar volumes of the polymorphous
modifications are close). In the region of small excess
stresses, Eq. (4.1.19) can be written as

77
dT �

�
9

Elm#r r

�

�
9

dErr
; 3 7 + 7777 D 77 S lr
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�
9, (4.1.20)

from where it is seen that the dependence is still prac-
tically linear (unless the volume effect of the poly-
morphous transformation is too small). In the limit of
large excess stresses, Eq. (4.1.19) is reduced to

77
dT �

�
9

Elm#r r
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�
9

dErr
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�
9
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9, (4.1.21)

and becomes still simpler when the molar volumes of
the polymorphous modifications are close to each
other:
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Along with the detailed representation of

Eq. (4.1.17) in the form of Eq. (4.1.19), we can [using
the same arguments as in passing from Eq. (4.1.10) to
Eq. (4.1.16)] reduce Eq. (4.1.17) to the compact form

77
dT �

�
9

Elm#r r

�

�
9

dErr
= 3 7 3 7 D [vj S ell ],

Dvj

Dsj Dsj

1
l =1

2
(4.1.23)

where the strain tensor componentsell include not
only the (negative) deformations of transverse com-
pression reckoned from a mechanically isotropic state,
but also thermal effects. The first term on the right-
hand side of Eq. (4.1.23) corresponds to the Clapey-
ron3Clausius equation. The second term plays the role
of a correction whose value depends on the elastic and
thermal properties of coexisting phases, as well as on
the degree of deviation from the mechanically iso-
tropic state (for the isotropic state itself,ell = 0, and
Eq. (4.1.23) strictly changes to the Clapeyron3
Clausius equation).

From Eq. (4.1.4) also follows the relationship

�

�
9

§elm
77
§T �

�
9

Err ,est# rr
st# lm

= 3 7777
2vjDElm

Dsj
(l # m). (4.1.24)

that describes the effect of the shear strain on the phase-
transition temperature. Here the coefficient 2 appears
because of the symmetry of the strain and stress tensors
(elm = eml andElm = Eml). In addition, the shear strain
does not affect the molar volumevj, so thatvj may be
factored outside the difference sign.

It should be said that phase transitions in noniso-
tropically stressed solids have been well documented.
We show here how it should be done on the basis of
the chemical potential tensor and with accounting for
interface orientation. The notion of chemical potential
was never used earlier, and the problem was solved
in terms of the truncated thermodynamics of deforma-
tion (for example, as it has been formulated in [8]).
Instead of the equality of the normal-to-interface
components of chemical potential, the equality of
molar Gibbs energy or the functionF = F 3 V0
S Elmelm, where V0 is a certain constant volume in
l, m

the strainless state usually introduced when using the
Piola stress tensor, was postulated. In this way, Coe
and Paterson [9] derived the equation (in our notation)

�

�
9

dElm
77

dT �

�
9

Est# rr

= 3 7777
vj0Delm

Dsj
. (4.1.25)

where vj0 is the molar volume for a standard state
(from which strain is reckoned), assumed to be the
same for both polymorphous modifications. This
means that, at least for one of the phases, the standard
state possesses appreciable stresses which, in addition,
are not given uniquely (the same volume can result
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from various combinations of stresses). Therefore, the
final strains present in Eq. (4.1.25) are, atl = m, of
another (and less clear) meaning than the strains in
Eqs. (4.1.16) and (4.1.23). Coe and Paterson [9]
passed from their Eq. (4.1.25) to the Clapeyron3
Clausius equation by settingl = m and summing up
the right-hand side over all directions. Therewith,
Eq. (1.16) is needed, but this standard relationship of
the theory of elasticity evidently implies that allell
relate to the same state of strain, i.e. allell are simul-
taneously obtained from the same (single) experiment.
However, the right-hand sides of Eq. (4.1.25) refer to
simple dilatations in different directions (i.e. to dif-
ferent experiments), and the strains standing there do
not coincide generally with their values at all-sided
dilatation of the same specimen.

4.2. Second-Order Phase Transitions

Polymorphous modifications cannot coexist simul-
taneously if the polymorphous transformationa6b
is a second-order phase transition. There is no inter-
face in this case and no direction selected in space.
However, the interface between phasesa andb in the
above-mentioned state diagram does still exist as a
six-dimensional hypersurface. The difference is that
this hypersurface corresponds to the phase equilibrium
a3b in the case of a first-order phase transition, but
now simply separates two monophase regions. In the
case of a first-order phase transition, thermodynamic
potentials and their first derivatives do not change at
the transition point and belong to both phases simul-
taneously. Therefore, one can say that Eqs. (4.1.2) (for
an arbitrary direction) are still valid, but now as
identities.

To derive the phase-interface equation, let us use
the following procedure. We select pointsa and b
infinitesimally close to each other on the phase
interface hypersurface in the state diagram (as an
example, the points are depicted in Fig. 2 as their
projections on theErr3T coordinate plane) and con-
sider change in a certain property when moving from
one point to the other. As such a property, we first
choose the component for an arbitrary directionmj(rr )
of the chemical potential tensor. Its changedmj(rr ) on
passing from pointa to point b can be calculated in
various ways by alternately changing state para-
meters. As seen from Fig. 2, the path froma to b goes
through the region of phasea if we first reduce tem-
perature and then increase stressErr , or, vice versa,
through the region of phaseb if we first increase
stress and then reduce temperature. Invoking also the
rest variables, we may say that there are always two
paths from pointa to point b: one through the region

T

a

b

a

b

Err

Fig. 2. Fragment of the phase interfaceab in the
Err3T coordinate plane.

of phasea and the other through the region of phase
b. We designate the quantitydmj(rr ) calculated by
using the first and second paths asdmaj(rr ) and dmbj(rr ),
respectively. Since the result of calculation must be
independent of the path, we, evidently, have

dmaj(rr ) = dmbj(rr ). (4.2.1)

If we now put the expression for the chemical
potential of an immobile component, given by
Eq. (2.12) or Eq. (2.26) into Eq. (4.2.1), we formally
obtain again Eq. (4.1.3) or Eq. (4.1.4), respectively
(for a one-component system). However, the first
derivatives of the molar Gibbs energy (here chemical
potential) exhibit no jump on passing from one phase
to the other in the case of a second-order phase transi-
tion (DS = 0, DV = 0, etc.). Therefore, the resultant
equations degenerate into identities unusable for
calculations.

Second-order phase transitions differ from first-
order phase transitions in that not the first, but the
second derivatives of thermodynamic potentials un-
dergo a jump at changing from one phase to the
other. Therefore, if we wish to derive an equation for
the a3b interface in the state diagram for a second-
order phase transition, we have, turning toFig. 2, to
consider the variation, along the interface of a certain
property which itself is the first derivative of thermo-
dynamic potential (here free or Gibbs energy). The
standard procedure for isotropic systems makes use
of entropy and volume. Let us see what this gives for
anisotropic bodies.

Taking the molar entropy of an immobile com-
ponentsj for the property required and repeating all
the above reasoning related to Fig. 2, wearrive at the
condition

dsaj = dsbj , (4.2.2)
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which is evidently true at any choice of variables.
Choosing first temperature and the strain tensor com-
ponents as variables, we have the expression for the
perfect differential of molar entropy in a closed
system

dsj = 77 dT + S 77 delm
§sj

§T l,m=1

3 §sj

§elm

= 77 dT 3 vj S hlmdelm,
cê

T l,m=1

3
(4.2.3)

In the second form of Eq. (4.2.3), we used Eq. (1.7)
and introduced two quantities: heat capacity at constant
configuration of the systemcê (analog of specific heat
at constant volume in isotropic systems) and thermal
stress coefficienthlm (showing what additional stress
in a direction chosen arises at changing temperature
by one degree in a closed system of fixed configura-
tion). Putting Eq. (4.2.3) in Eq. (4.2.2) leads to the
equation

D 7 dT = S D(vjhlm)delm,
l,m=1

3cê

T
(4.2.4)

where D symbolizes the difference of values of a
quantity in phasesa andb. Equation (4.2.4) in other
terms describes the same hypersurface as that des-
cribed by Eq. (4.1.3), but now for the case of a second-
order phase transition.

Choosing now temperature, the normal stress in the
r direction, and the strain tensor components in the
rest directions as variables, we write the expression
for the perfect differential of molar entropy in a closed
system as

3 vj S [qrr(Elm 3 dlmErr) + hlm(rr )]delm,
l,m=1

3

(l,m#rr )

dsj = 77 dT + 77 + S 77 delm
§sj

§T §Err

§sj

= 7777 dT + vjqrr dErr
cErr ,elm# rr

T

l,m=1

3 §sj

§elm
dErr

(l,m#rr )

(4.2.5)

In the second form of Eq. (4.2.5), we used
Eqs. (1.37) and (1.38) containing the quantitieshlm(rr )
(thermal stress coefficient under the condition that
the normal stress in ther direction is kept constant)
and qrr (thermal linear dilatation coefficient in the
r direction under the condition that all other directions
are blocked). Besides, we introduced the specific heat
cErr ,elm# rr

at constant pressure in one direction and
constant system boundaries in all other directions.
Substitution of Eq. (4.2.5) in Eq. (4.2.2) leads to the
equation

+ S D[vjqrr(Elm 3 dlmErr) + vjhlm(rr )]delm,
l,m=1

3

(l,m#rr )

D7777 dT = 3D(vjqrr)dErr
cErr ,elm# rr

T
(4.2.6)

that describes the interface as a hypersurface in the
state diagram in the case of a second-order phase
transition.

An interesting result is obtained when molar en-
tropy is replaced by molar volume which is also the
first derivative with respect to free energy and Gibbs
energy. Then, instead of Eq. (4.2.2), we have the
initial equality

dvj
a = dvj

b. (4.2.7)

Choosing temperature and the strain tensor com-
ponents as the variables of the phase state, as in
Eq. (4.2.3), is of no interest in this case. The matter
is that variation of molar volume with temperature
becomes impossible at the constancy of the configura-
tion of a closed system (elm = 0), so that the expres-
sion for the perfect differential of molar volume in
the closed system will not contain the temperature
differential needed. Therefore, we use the set of vari-
ables standing in Eq. (4.2.5) and implying presence
of a free direction. We write the expression for the
perfect differential of molar volume in a closed
system as

dvj = 77 dT + 77 dErr + S 77 delm.
§vj

§T
§vj

§Err l,m=1
(lm#rr )

§vj

§elm

3
(4.2.8)

Using Eq. (1.34), we express the first derivative
on the right-hand side of Eq. (4.2.8) through the
thermal linear dilatation coefficient in ther direction
qrr . We express the next derivative through the one-
sided isothermal compressibilitycrr in the same direc-
tion, given by Eq. (1.36). The last term in Eq. (4.2.8)
is transformed with accounting for Eq. (1.40) that
introduces a two-dimensional Poisson’s ratiorl in
the rl plane (dilatation in ther direction is accom-
panied by lateral compression in thel direction at the
constancy of all other components of the strain tensor).
The resultant form of Eq. (4.2.8) is

dvj = vjqrrdT + vjcrrdErr +vj S (1 3 rl)dell

or

dln vj = qrrdT + crrdErr + S (1 3 rl)dell .l # r

l # r
(4.2.9)

(4.2.10)

We now may substitute Eq. (4.2.9) in Eq. (4.2.7).
However, it will be simpler if, instead of considering
the variation of molar volume, we now consider the
variation of the logarithm of molar volume along the
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phase interface in the state diagram. Instead of
Eq. (4.2.7), we write

dlnvaj = dlnvbj (4.2.11)

and substitute Eq. (4.2.10) in Eq. (4.2.11). This yields
the phase-interface equation for a second-order phase
transition

Dqrr dT = 3Dcrr dErr 3 S D rl dell , (4.2.12)
l#r

Equation (4.2.12) is essentially simpler and, simul-
taneously, poorer than Eq. (4.2.5), since Eq. (4.2.12)
contains only diagonal components of the strain tensor
and only for two directions (different fromr).

As already noted in the preceding section for the
case of anisotropic bodies, the volume change can be
continuous even for a first-order phase transition.
More generally, observation of only volume behavior
in phase transitions is quite insufficient for anisotropic
bodies: It is necessary to control the whole strain
tensor. In the case of a second-order phase transition,
the strain tensor itself is continuous at intersecting the
phase interface in the state diagram (this means that
all its componentselm are continuous), but some of
its derivatives undergo discontinuity. In place of
Eq. (4.2.7), we now write

dealm = deblm (l, m = 1, 2, 3), (4.2.13)

and choose temperatureT and the stress tensor com-
ponentsEst as independent variables:

delm = 77
�

�
9
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dT + S 77
�

�
9
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§Est
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�
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3

T,Elm#st

dEst

= qlmdT + S dEst/lstlm,
l,m=1

3
(4.2.14)

(hereqlm is the thermal strain coefficient andlstlm is
the elasticity modulus at given stresses). Substitution
of Eq. (4.2.14) in Eq. (4.2.13) leads to the relationship

3
DqlmdT + S D(1/lstlm)dEst = 0 (l, m= 1, 2, 3), (4.2.15)

l,m=1

which describes the effect of stresses on the phase-
transition temperature.

We now apply the equations obtained to the ex-
amples considered in the preceding section for first-
order phase transitions. In the case of one-sided
tension (in ther direction), according to Eqs. (4.2.6)
and (4.2.12), the variation of the polymorphous trans-
formation temperature is given by the relationship
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9

§T
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= 3 77777

D 7777
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T

D(vjqrr)
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. (4.2.16)

If, however, the substance is placed inside a tube
with open ends at constant external pressure (Err =
const), the equations obtained yield
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= 777777777777
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T
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D rl

Dqrr
. (4.2.17)

for the one-sided transverse compression. If the sub-
stance is subjected to shear strain, the corresponding
equation can be obtained from Eq. (4.2.6):

77
�

�
9

�

�
9

§T
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= 77777777777777
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(4.2.18)

We now turn to the case of simple tension. Equa-
tion (4.2.12) that originates from the continuity of
volume logarithm yields
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�
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§Err Elm# rr

= 3 77 3 77 S D rl 77 .
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Dqrr Dqrr

1
l#r

dell
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(4.2.19)

Equation (4.2.15) produces an even simpler result.
Writing Eq. (4.2.15) for the condition of the con-
tinuity of the strain tensor componenterr at fixing all
stress tensor components butErr , we have

77
�

�
9

�

�
9

§T
§Err Elm# rr

= 3 77777 ,
D(1/lrrrr )

Dqrr
(4.2.20)

where lrrrr is Young’s modulus in ther direction.
Equation (4.2.20) gives evidence showing, first, that
the phase-transition temperature is linearly dependent
on the value of one-sided stress and, second, that for
an anisotropic body the slope of the line depicting this
dependence can be different for different directions.
In the case of a second-order phase transition, the
problem of mutual orientation of the physical phase
interface and the direction of the stress applied is
cancelled. Therefore, the phase-transition temperature
can be assumed to be a function of only the prin-
cipal stressesE1, E2, and E3:

dT = 77 dE1 + 77 dE2 + 77 dE3.
§T §T §T
§E1 §E2 §E3

(4.2.21)

Passing in Eq. (4.2.21) to the isotropic casedE1 =
dE2 = dE3 = dE, we obtain the relationship
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77 = 77 + 77 + 77 ,§T
§E1

§T
§E2

§T
§E3

§T
§E

(4.2.22)

that was confirmed experimentally by Coe and Pater-
son [9], who studied the effect of one-sided stress on
the temperature of the transformation ofa-quartz to
b-quartz (all the four derivatives in Eq. (4.2.22) were
determined independently). They obtained a purely
linear dependence of the transition temperature on
stress. One can say more. Since, according to their
data,a-quartz possesses a higher linear compressibi-
lity and a higher linear thermal dilatation coefficient
as compared withb-quartz, Eq. (4.2.20) also correctly
predicts the sign of the slope of the linear dependence
(in that experiment, the phase-transition temperature
increased under one-sided compression). The above
facts incline us to the known interpretation of thea3b
transformation as a secon-dorder phase transition,
although Coe and Paterson eventually adopted the
variant of a coherent first-order phase transition.
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