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Abstract —Fundamental thermodynamic equations are presented for anisotropic bodies with account for
thermal effects. Definitions for Gibbs energy and partial molar quantities with respect to a direction chosen in
an anisotropic phase, as well as expressions for the chemical potential tensor of an immobile component of a
solid and for the chemical affinity tensor for a physicochemical process (including chemical reactions) in
terms of the strain tensor variables and mixed variables including one component of the stress tensor are
proposed. Conditions of stationary affinity and phase equilibrium are deduced. The mechanochemistry of
polymorphous transformations is formulated for the cases of first- and second-order phase transitions.

INTRODUCTION sound velocity, thermal equilibrium will be attained
with a slight delay, if for no other reason that the
Thermodynamic relationships of mechanochemistryhermal (mechanothermal) effect is a consequence of
related to isothermal processes have been derived the mechanical action. However, thermal equilibrium
[1]. Aiming at the study of pure mechanical effects,is also attained fast enough in small systems.
we compared chemical affinity (starting any physico-
chemical process, chemical reactions inclusive) at Though mechanothermal effect can be sufficient-
different mechanical states, but at the same temperbr strong, leading to local temperature pulses of up to
ture. This means that either thermal equilibrium with1000 K [3], it follows from above that, in the theore-
the environment can be established during mechanictital analysis of the problem, we may rely on equilib-
action on the system (i.e., the mechanical action isum thermodynamics when dealing with small
slow enough), or a physicochemical process at a givesystems or small parts of a large system in the local
mechanical state of the system is observed for suchequilibrium approximation. The form of thermo-
long time that the prehistory of the mechanical actiordynamic relationships does not depend on whether
(even if it fast enough) is of no significance anythe thermal effect is of mechanothermal origin or
longer. Investigation of mechanochemical effectgesults from chemical reaction or even from direct
under such conditions is of principal importance: Itthermal action. It is important for us that both
will suffice to mention here the experiments on dis-mechanochemical and thermal effects will be taken
solution of bent crystalline plates [2]. Fast physico-nto account together.
chemical processes that occur under fast mechanical
action may involve temperature changes (naturally, 1. FUNDAMENTAL THERMODYNAMIC
we are interested in the mechanothermal effect =~ EQUATIONS AND PARTIAL MOLAR
produced by the mechanical action itself, but not in QUANTITIES
the trivial heat of chemical reaction). Note that the
term “fast’ is not necessarily understood as“far- . 1
from-equilibrium?’ If, for instance, one speaks aboutOf freé energyF that, under isothermal conditions,
nanoparticles, the equilibrium in them is attained fast@keS the form (see Eq. (6.2.3) in [1])
Mechanical equilibrium is known to be attained with P = E:dV + [N + SpdN, (1.1)
the sound velocity. For particles sized in the range SRR
10-1000 nm at the sound velocity of order 1000s, . N .
the time of attaining mechanical equilibrium will be WNEreT IS temperaturet is the stress tensor with the
of order 10*-107° s, which is considerably shorter componentsE,,, V is the volume displacement tensor
than even fast (pulse) actions of order®a0®ina With the componentsV,, (strain tensor multiplied
real process of mechanical treatment of particles [3PY volume),y; is the chemical potential tensor for
Although phonons (if speaking about the phonorn immobile component of a system (symbolized )y
mechanism of heat conduction) also move with thavith the components;, N; is the mass displacement

We start from the differential fundamental equation
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328 RUSANOV

tensor (volume displacement tensor multiplied bymatter flux vectors [1]? However, in that work we

concentration) with the componentg, ; and N;  dealt with an immobile component. Once a com-
are the chemical potential and the amount (we will exponent becomes mobile, its chemical potential
press it by the number of moles) of thth mobile acquires isotropy even if the anisotropy of stresses is
component of the system. The colon designates maintained. The surface layer of a liquid can be a

biscalar product of tensors: good example: The normal and transverse pressures
are different in the surface layer (because of which

A A 3 3 surface tension arises), whereas the chemical poten-
E:Vv = |§1:1 EdVim = \{Epl Emden, (1.2) tials of species are isotropic. All-pervading heat can

scarcely remind an immobile component, but it can
A A 3 be compared with a mobile component. The analogy
BiaN = 2 pygpdNgy - (1.3) between heat and a mobile component becomes ab-
st=1 solute if one turns to the phonon theory of dielectrics
whose thermal properties are determined by the be-
havior of a gas of quasi-particles, phonons. Phonons
The notions of the chemical potential tensor andnove freely over the whole system and are un-
the mass displacement tensor have been explained dioubtedly mobile components, the temperature play-
detail in [1]. Mobile components are met in gasesjng the role of their chemical potential. When passing
liquids, and solids, and they characteristically migratdrom dielectrics to metals, electrons (to be more exact,
freely over the whole system. For such species, ththeir part forming the electron gas) join phonons in
chemical potential tensor turns to be spherical anthe process of heat conduction, but the electrons are
may be written in a scalar form. Immobile componentsalso typical mobile components. Thus, the arguments
are characteristic of solids (crystalline or amorphousielating to the nature of heat make us to draw the
whose particles are firmly fixed at their sites and formfollowing conclusion: Even if temperature is really a
a lattice (regular for crystals and irregular for amor-tensor, it should be a spherical tensor, so that the
phous bodies). With no essential loss in generalityadditional, thermal term in Eq. (1.1) may be written
one may postulate that there is always a singlé1 a scalar form. We now proceed to a more general
immobile component consisting of the set of sub-equation for the free energy of a uniform system (1.5)
stances forming the lattice. The chemical potential of A A A A
an immobile component is closely related to lattice dF = -SdT + VE:de + p;:dN; + 2 pdN,. (1.5)
stresses (always present in the lattice) whose aniso- :
tropy inevitably causes the anisotropy of the chemical , : I
potential of the immobile component. Therefore,  !f the amount of an immobile component is fixed
together with the stress tensor, the tensor of th&he System being closed all round for this component,
chemical potential of an immobile component auto-so thatdN, = 0) and equals 1 mol, Eq. (1.5) is written
matically appears in Eq. (1.1). The interrelationas Eq. (1.6)
between these tensors is given by the relationship [1]

(8, are the components of the strain ten&)r

A A A de = —%dT + Vjédé\ + EMIdNI(j)
o= - \/,-%uici)l - VE, (1.4) i

3
= sdT + v, X E.dg, + ZudNg, 1.6
5 |y Em &m * ZHidNg) (1.6)

where f; and v; are the free energy and the system
volume per 1 mol of an immobile component, respec-

tively, c is concentration, antl is the unit tensor. wheres = SN, andN;;, = N/N; are, respectively, the
system entropy and the number of moles of ttle

We now have to cancel the isothermal conditiormobile component, both per 1 mol of the immobile
and to discuss the termSdT (Sis entropy andTl is  component. By cross differentiation in Eq. (1.6), we
temperature) that naturally suggests itself on the righbptain Eq. (1.7)
hand side of Eq. (1.1). The question arises of whether
the thermal term should also be written in a tensorial 0§
form? Stuke [4] was the first to declare temperature to €m ) 1 AN
be a tensor. Indeed, if we remember that entropy S TN
fluxes are vectors and that several fluxes can attack a OEim
system simultaneously, why not to introduce a ten- TV Jany T Vinim
sorial temperature as we have done with the chemical YN
potential of an immobile component when consideringvhere, at fixed quantities, dummy indices run all

2.7)
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possible values (restrictions, if any, are pointed out;
for example, the condition of constaney,,,, means
thats andt run all possible values except fbandm,
respectively, i.e. all the components of the strain
tensor are fixed except fog,,,; the constancy of the

tensor itself is indicated if all its components are fixed r
simultaneously). In Eq. (1.7}, is the thermal stress e
. o

coefficient showing what additional stress, in a direc-
tion chosen, arises in a closed system of a fixed con-
figuration (thereforey; acts as a constant here) when
the temperature is changed by one degree. The value of _ _ . _
this coefficient is determined by the state equation of Fig- 1. To the calculation of thermodynamic functions
the system. The set of the coefficientg, (I, m = by integration in ther direction.

}, 2, 3) forms the tensor of thermal stress coefficients hose change yields the work of a process. According
?hteha;téasg btzndsegred as the temperature derivative %\; [1], the consequences of Eq. (1.1) for free energy
' are the same as the consequences of Eq. (1.12) for
ob internal energy, so there is no need to analyze

eNj'Ni

— (1.8)  Eq. (1.12) in detail.

To deduce an integral expression for energy, we
use the following method. Let us choose a direction

in space (with one of the axes of Cartesian coordinates

along the direction, see Fig. 1) and move the body
boundary in this direction simultaneously with adding
o6 matter only along this direction. For such process,

0= [—j . 1.9) Eqg. (1.11) takes the form

E,N;N;

oT
. du = TdS + ErrdVrr + “J(rr)dNJ(rr) + Z}MdNI, (113)
the tensor of thermal stress coefficients serves as a '

aT

Together with the tensor of thermal strain coef-

ficients © (analog of the thermal dilatation co-
efficient for isotropic systems)

main index of the thermomechanical effect. where all the rest components of the volume and mass

Passing now from free enerdyto internal energy displacement tensors are zero. Integration of Eq. (1.13)
U, according to Eg. (1.10) at a fixed physical state of the system yields
U=F + TS (1.10) U =TS+ EV + pyl + ZuN; (1.14)

and differentiating Eq. (1.10) with subsequent substi- The value of the energy of a system should be
tuting Eq. (1.5), we obtain independent of the way of calculation and, in parti-
A A A A cular, independent of the choice of integration direc-

dU = TdS + E:dV + py:dN, + ZpdN,. (1.11) tion (then it follows from Eg. (1.14) that the sum

! EV+ N, is invariant) or of fixing some variables.
, Equation 81.14) is valid for any variations and, there-
The termTdS has the meaning of the amount offore may be differentiated irrespective of any condi-
heatdQ transferred to the system from outside. Undegjgns. Having performed this operation, we obtain

adiabatic conditionsdQ = 0 and Eq. (1.11) becomes

dU = TdS+ SdT+ ErrdV + VdErr + M](rr)dN]
+ Ny + iZMidNi + iZNidHi- (1.15)

N N

(U)g = ExV + jy:df + N, (1.12)

Comparison of Egs. (1.1) and (1.12) shows that ring into account that the perfect differentials of
the variation in free energy under isothermal Cond"volume and number of moles are composed from
tions and the variation in internal energy under adiafheir directed variations:

batic conditions are given by the same expression.

This is not surprising, since the above characteristic 3 3

functions both serve as thermodynamic potentials dv = T dV, = X Vdg, (1.16)
under the specified conditions, i.e. they are quantities I=1 =
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3 € - 1E,):dé - dE, = ST+ ¢du ) + S gdp. (1.22)
s=1
When p\assing to an isotropic fluid system, the
we may rearrange Eqg. (1.15) to obtain conditionsE = E,1 = -pl (i.e. E,;, = —pd,,, wherep is
hydrostatic pressure) anil; = 0 are fulfilled, and

3 Eq. (1.20) changes to the Gibl3uhem equation
dU = TdS + SdT + E, X Vdg + VdE, which is well known in chemical thermodynamics

3 Vdp = SdT + INdy;. (1.23)
+ Kigr) SZ:lde(ss) + Nidpygry + iZMidNi + iZNi dy.  (1.18) i

Therefore, the fundamental equation (1.20) may be
Equating now the right-hand sides of Egs. (1.11konsidered a generalization of the Gibbshem
and (1.18) and taking into account Egs. (1.2) and (1.3gquation for mechanically anisotropic states. Naturally,

we come to solid can also be present in a mechanically isotropic
state. Then we again arrive at the GibDsihem equa-
3 tion, the immobile component being included in the
Y (Ey - dmE,)Vde, — VAE, = SdT sum standing in the equation.
I,m=1

In the absence of mobile components, the funda-

3 mental equation (1.20) gives directly the expression
-2 (ks — dsthyr))dNsy + Nydijery + Z Nidp;, (1.19)  for the differential of the component of the chemical
st ' potential tensor for an immobile component in a direc-

. tion chosen
wheres,, is Krgnecker’'s symbol (the components of

the unit tensorl ). If the amount of the immobile du, v = —sdT
. - Koy = 7§
component does not change from any sid&(, =

0) and changes are restricted to the mechanical state, 3
Eq. (1.19) takes the form ¥ Vi[mzl(E'm = AmErr)dem - dEql, (1.24)
3 wheres = SN, andy; = VIN, are the molar entropy
Y (B — dymEr)Vdey, — VAE, and volume of the immobile component, respectively
=1 (the reader can make sure that Eq. (1.24) is also ob-
= SAT + Nydp) + T Ndy, (1.20) tained by direct differentiation of Eq. (1.4) with use
i

of Eq. (1.6) in the absence of mobile components).

where, as in Eq. (1.19), summation is carried out inThe chemical potentials of mobile components are

reality with respect to five and not six components Ofcontrollable, and, if they are fixed, Eg. (1.20) again

h . : h Hicient : changes to Eq. (1.24). In this case, howegeandy,
the strain tensor, since the coefficient @, is zero .should be called not the molar entropy and volume of

(the fundamental equation (1.20) has been formed iD, jmmobile component, but the entropy and volume
such a manner that the independent variahlehas ¢ 5 system per 1 mol of an immobile component (as
been replaced by the independent varialg). in Eq. (1.4)). Herewith, the quantity, maintains its

Dividing Eqg. (1.20) by the system volumé/, meaning as the molar volume of an immobile com-

we obtain ponent, provided mobile components do not escape
the lattice formed by the immobile component. If,
3 however, mobile components escape the lattice (as it
Inzpl(Elm ~ Ombr)dam — dE, occurs, for example, with the electron gas in metals),
' then, firstly, such effects are of surface character and
= 8dT + ¢duygr + T cdyy (1.21) may be often neglected at a high mass of the system,
|

and, secondly, the system boundary may be strictly

defined just along the lattice surface (with metals,
(s, is the bulk density of entropy) or, using the ten-however, this will cause that inconvenience that the
sorial notation, system will no longer be electroneutral).
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We have written above the fundamental equations dG, = -SdT + V(I/E\ - ll\Err):dé\ - VdE,
for energy and free energy which play the role of NN
thermodynamic potentials at constant strain tensor, *oydhy 4 iEM‘N" (1.29)
amounts of all components, and entropy or tempera-
ture, respectively. For mechanically isotropic systems, If the amounf of the immobile component is fixed
the constancy of the strain tensor is reduced to then all sides N = 0) and equals 1 mol, from
constancy of volume, but in practice, because of th&qg. (1.28) we may deduce the equation for the Gibbs
approximate constancy of atmospheric pressure, isenergyg,; per mole of the immobile component:
thermalisobaric conditions are met more often.

Replacement of the constancy of volurveby the 3
constancy of pressur@ results in that the Gibbs dgg = -§dT + |n21:1(E'm - OmEr)dan
energy ’
- vdE, + ZudN, (1.30)
G=F + pV, (1.25) !

the notation is the same as in Eq. (1.6)). From

becomes a thermodynamic potential. For this reaso g. (1.30) we obtain the following cross relationships:

the Gibbs energy is so popular in the thermodynamics

of solutions. The definition of the Gibbs energy be- s
comes not unique for mechanically anisotropic states, [MJT%# E DN
since pressure (as well as stress) is different along SER
different directions. The quantityE,, plays the role 81Vi(Eim — 3imEn)]
of pressure in the direction, and we may define the =- [ aT j A 0 (1.31)
Gibbs energyG in an anisotropic system as Sseerr Err NN
%!

G =F-EV=U-TS-E,Y, (1.26) [ﬁjmm#" E AN
to relate it, in this manner, to the choice of direction _ [a\/j j o (1.32)
(this is marked by the subscript &). It will be T 0T ) e E NN = Vi '
emphasized that the Gibbs energy does not therewith
become a directed quantity and remains, like any ALVj(Eim — 8imEr)]
energy, a typical scalar. OE T, eeerr KN,

By differentiating Eq. (1.26) with use of Eq. (1.16), _ [av,- J

we obtain 38m,) T st E NN (1.33)

st#rr

3 . .. . .
dG = dF - E, = dV, - VdE, (1.27) Introducing the thermal coefficient of linear dilata-
|

1 tion in ther direction (all other directions are blocked

by the conditions of fixation of the strain tensor

and, after substituting Eq. (1.5) in Eq. (1.27) with ac-components):
counting for Egs. (1.2) and (1.3), we arrive at the dif-

. . , oV
ferential fundamental equation for the Gibbs energy of O = % [a—Tjj A (1.34)
a uniform anisotropic system ) Gmaerr B NN
3 - e
dG, = -SdT+ V X (E,, - dmE)dg the thermal stress coefficient under the condition that
el merrEm the normal stress in thedirection is kept constant
3
~ . =" . .35
sl ! nlm(rr) aT Est vErrijvNi ( )
Using tensorial notation, Eq. (1.28) may be writ-
ten as and the isothermal compressibility in thedirection
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1y 136 G = N+ ZiN;. (1.42)
= N B ) T N ' Correspondingly, for the molar Gibbs energy, we
have
we rewrite Egs. (1.331.33) in the form O = My * ZHX (1.43)
|
[aﬁ j wherex is the molar fraction. Differentiating Eq. (1.42)
08m ) Tegie im Er NN, and comparing the result with Eqg. (1.28), we again

St#rr

arrive, as would be expected, at Eq. (1.19), from
= —0rrVj(Eim — 3imErr) — ViMim(rr), (1.37)  where Egs. (1.21) and (1.22) follow, whose form does
not depend on the choice of thermodynamic potential.

6 3
B e am - <o -
Ema e Nj Ny Equation (1.42), that is quite analogous in form to
oE the expression for an ordinary Gibbs energy in the
[_'mj R thermodynamics of solutions, shows that the Gibbs
OBrr ) Tegeerr NN, energy for a direction chosen is also composed of

chemical potentials. In the thermodynamics of solu-

- Slm_l_[ﬁj . tions, this circumstance leads to the representation of
Vi \ %8m ) T,eg im Err NN the chemical potential as a partial molar Gibbs energy.
S Thus we see thap,, is a partial molar quantity of
= %rr (Bim = SimErr). (1.39) G,. Indeed, from Eq. (1.28) we obtain
In accordance with Eq. (1.16), the volume change 5G
is contributed exclusively by the normal components Hi(m) :[H . (L.44)
of the strain tensor. Therefore, only a small (because N(rr) ) T o Exe st N

of the low compressibility) term-y,, E,, remains for
the shear components of the stress teriggr(l = m) [rom which it follows that the normal component of
on the right-hand side of Eq. (1.39). For the normaj,s chemical potential tensor of an immobile com-

component (Il # r), in view of the fixation of the ), iy ther direction is the increment of the Gibbs
strain tensor component in the third direction, we hav nergy corresponding to this direction, at adding

oV 1 mol of the immobile component in the same direc-
1 ) : e . D
V[MJT E RN tion to an infinitely large system. This addition is
. ozt Sr carried out at the constancy of the temperature and
o(ey + &) stress in the direction chosen, let alone that the varia-
T e LT (1.40)  jon of the mass of species and of the system dimen-

_ _ . _ , o ions on all sides is forbidden. As a matter of fact, such
wherex, is a two-dimensional Poisson’s ratio in the addition of the immobile component (which means
rl plane. In this case, Eq. (1.39) is rearranged t@onstruction of a new portion of the lattice of the solid

the form in the direction chosen) inevitably reduces the con-
O centration of mobile components. As a conseqguence,
[—j A =% —yr(En—Ey). (1.41) the system state (including the mechanical state in

OBrr ) Tegr NN

other directions) changes, but this is a second-order

For an incompressible mediumx( = 1, x,, = 0), effect for a macroscopic system.

Eq. (1.41) yields equal variations of the acting stress |f one replacess, by an arbitrary extensive quanti-
and the transverse stress at a one-sided compressignthe derivative in Eq. (1.44) symbolizes the defini-
(the result is known in the theory of elasticity whentjon of a partial molar quantity for a given direction.
using an ordinary Poisson’s ratio). The same resul§ince matter transfer is always directed, such exten-
directly follows from Eq. (1.39) av = const. sion of the notion of partial molar quantity is natural
Let us return to Eq. (1.28). By integrating it alongand turns to be useful for direction-dependent quanti-
the r direction at constanE,, or, still easier, by sub- ties. However, application of this definition to
stituting Eq. (1.14) in Eqg. (1.26), we obtain the integ-direction-independent quantities leads to ordinary
ral expression for the Gibbs energy partial molar quantities (chemical potentials of
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mobile components, volume, entropy, etc.). This ca€Considering a uniform equilibrium system, we ideally
be illustrated by an example of entropy. Let us conselect a rectangular parallelepiped in the form of a bar
sider the system entrop$ as a function of the in- oriented along the direction (Fig. 1) and calculate
dependent variables indicated in Eq. (1.28) and writés entropy. To this end, we apply Eqg. (1.46) to a

the exact differential of entropy in the form parallelepiped slice of infinitesimal thickness in the
55 3 g 5 direction and integrate Eq. (1.46) along theirection
dS=——dT+ X dqm"’idErr at a given physical state (at constante,,..., E.,
oT Lm=18m OB S and §). The integration result
(Im=rr)
> _0S 4N oS 4N S= 5N + Z5N, 1.49
s,t2:1 ONj(sp) dNJ(St)Jr? oN, - (149 3 iSi | ( )
shows thaﬁ m ands are really partial molar quanti-
At this choice of variables and under the conditiondies. Formaf Sm) IS the partial molar quantity in the

for the derivativeS/Nj(St), ther direction differs from r direction, but, since the result (quanti§) must
all other directions in that respect that this directiorbe independent of direction, the quantiy,,, [the
is the only, along which geometrical dimen-only direction-related quantity in Eq. (1. )i should
sions of the system may vary. In this sense,rthi@ec- be the same for all directions. Thus, in contrast with
tion can be called a free direction, while the othersthe derivatives of entropy for restricted directions in
restricted directions. Nevertheless, matter can bEqg. (1.45), the derivative (1.47) for a free and open
added from all sides, but it is not compressed whedirection is independent of the choice of direction.
added in the free direction and is necessarily com¥herefore, we may now omit the additional subscript
pressed when added in restricted directions (to retumr from the quantitys,. The same applies to the
the system to the original size in each restricted diregpartial molar volume (introduced in [1] ag.)
tion). In a mechanically anisotropic system, compres-
sion in different directions leads to different states, g =| 9V

including differences in entropy, so that the value of = L BN ) TVmeer Eur Ny N
the derivative 050N, depends on the choice of

restricted direction. ﬂet us now see whether the choice However, it should be added here that the specific
of free direction affects the value of the derivativecharacter of an immobile component (which forms
OSON; gy the solid lattice accommodating mobile components)

makes the partial molar volume of the immobile com-

In accordance with the terminology accepted i TR :
chemical thermodynamics, we cabipery those direc- “ngé ?l-ILnu%St Wlén%s;[;ngsghabl_e Vfrom its - molar
' ’ im =V

tions, along which matter exchange is possible, and
“closed those directions, along which matter exchange We now make an essential clause. The aforesaid
is forbidden. Let matter transfer be possible only alongeferred to uniform bulk (strictly speaking, infinitely

the open directiom and all other directions be closed. large) phases. In nonuniform and small systems the

(1.50)

For this case, we write Eq. (1.45) as partial molar quantities of the immobile component

55 3 s may well be direction-dependent. It is known, for
ds=-22dT+ T -2 dam+ 22 gk, example, that the state of small particles depends on

aT Im=10€m O their shape. Adding the immobile component (to build-

(Imzrr) up the solid lattice) from different sides can different-

= _ AN (1.46) ly change the shape of the body, thereby leading to
+§mdNen + £ SN, different states, including partial molar quantities.

wheres, ands are the partial molar entropies of the 2. EXPRESSIONS FOR CHEMICAL POTENTIALS

immobile (in ther direction) and mobile components,

respectively, defined, according to Eq. (1.44), as As a direct consequence of the Gibbsihem

equation, we gave above Eq.(1.24) for the chemical

B 2S potential of an immobile component in the particular
Sqr) = [ 3 j . (1.47) case of the absence of mobile components or the con-
N(r) ) T o Ere Niser) N stancy of their chemical potentials. In practice, ho-
B s wever, more typical is the case when the amounts,
§= [W}T : (1.48) rather than the chemical potentials of mobile com-
©m=rmErr Njest) :Nics i

ponents are constant (say, in a single piece of a solid).
(the subscriptk andi refer to mobile components). So we have to find expressions for the chemical
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potentials of both immobile and mobile components 5
under such conditions. This work has been performed 0S5 41+ 5 _OBm

. diy(sy =
in part in [1], but that analysis is rather incomplete. Hicst ONj(sp Lm=1 ONj(sp Gm
We will here not only complement the relationships oM
obtained therein by accounting for thermal (entropy) 2 AN, (2.8)
effects, but also refine the mechanical part of the ‘(St)s
relationships. ___0S OBm
d L=~
MI 6N| dT+ le aNI Vde

General expressions for chemical potentials can be i
derived from fundamental equations for free energy +2 a,\; dN. (2.9)
and other characteristic functions. Turning first to free ' !
energy, let us write Eq. (1.5), with accounting for _
Egs. (1.2) and (1.3), in the form All the derivatives in Egs. (2.8) and (2.9) are taken
under the conditions shown in Egs. (2.4) and (2.5). In
particular, these conditions include the constancy of
strain tensor and, hence, the constancy of volume.
3 2.1) This allows us to plac® outside the derivative when
+ 2 picspdNsy * ZadN, ~) differentiating VE,. Due to the constancy of
’ volume, Eg. (2.9) for the chemical potential of a
mobile component may be written as

3
Im=1

from which follow the relationships

os 3 OF Opi
du=—-V g1+ 3 9Hm 4o + X727 dg,  (2.10)
S:_[%JAA , (2.2) AR Im=1 OCj dam™ 26
SN wheres, = S/Vis the entropy density and = N,/V is
oF the concentration of theth mobile component.
VEim = [ Gelij,esmmﬁj,Ni : (2.3) The derivativeE, /N, implies that the lattice of

an immobile component IS built up under the condi-

oF tion of the constancy of volume and, therefore, under
Hi(sy = NGy ) TAN ey N ’ (2.4) the condition of continuous compression. The relation
of this derivative to the elastic properties of the lattice
- [ OF j has been derived in [1] [EQ. (6.1.22)]:
MU Tat N (2.5) OF oF v
mo-_ Vi Am __ T, o (211
aNj(St) V Oe V

where the partial derivative with respect to one of the
quantities_ standing in Eq. (2.1) under the differentialvhere 2, is the corresponding elasticity modulus.
symbol, is taken at the constancy of all others. Substitution of Eq. (2.11) transforms Eq. (2.8) to the

form
If the amount of an immobile component is fixed

on all sides ch = 0), the quantitiesT, elm and N, ditiren = — S 95 4T E 2 d

remains as variables in Eq. (2.1); therewi’m,acqwre Hi(s N (st Vi g mst?Gm

the character of intensive quantities. In these variables, O 510
the perfect differentials of the chemical potentials of t2 Ny dN. (2.12)

immobile and mobile components are written as
Equation (2.12) is reduced to Eq. (6.2.31) (see [1])

duj(sy - _OHieh dT+ % Ohics) dem at the constancy of temperature and of the amount of
oT Lm=1 0fm mobile components. Note that the derivatives of en-
+ 3 M OMj(sh dN (2.6)  tropy in Egs. (2.10) and (2.12) are not partial molar
i ON ' quantities. Indeed, these derivatives are taken at the
O 3 ou au. 27y constancy of the temperature and the strain tensor of
O = - T T+ ImZ 1 aql dem * E dN. (27) a system (i.e. atthe invariability of the whole boundary

of the system). Under such conditions, introduction

After substituting Egs. (2.4) and (2.5), changingof an additional amount of the immobile component
the order of differentiation, and subsequent usindo the lattice along a certain direction means lattice
Egs. (2.2) and (2.3), Egs. (2.6) and (2.7) transform tocompression and change in the mechanical state
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(stress) of the lattice even in this direction, let alonevatives and apply Eqgs. (2.13p.15) and (2.17). These

the others. operations lead to the expressions
More convenient expressions can be obtained from 3 O[V(Eim - 3imErr)]
the fundamental equation (1.28) for the Gibbs energy dujisy = —deJ' T AN dEm
in ther direction, where, compared with Eq. (2.1), the . Imsrr (9
independent variablee, is replaced by E,. Vv 5o
. (1. + dE; + 2 ———dN;, 2.20
From Eq. (1.28) we have Nisy Err + 2 Ny (2.20)
oG, S 3 O[V(Eim — SimEn)]
S=- A 2.13 iT———dT + X m__m=m
[ aT JQm#rrvErrijvNi ( ) d“l aN| d * l,m=1 6N| dqm
Im=rr
V(Eim - SimE, oV M g 2.21
(Eim — dimErr) +6Ni dErr"'iZ N dN;. (2.21)
[ aerj 210
= n 2.14
Ge T, mvErrvN'vNi m# rr ' H s
'/ s e Ny R0 It is of note that, under the condition of constancy
5G of variables, the volumé&/ in these expressions is no
V= _[ r} N 215 longer constant and is to be differentiated. By contrast,
OBt ) T et e Exr NN 219 the stressE,, is considered as a constant, and, there-
G fore, the termdE,, disappears on differentiation. As
Hi(sy = [%} , (2.16) a result, Egs. (2.20) and (2.21) take the form (the
ONi(s) ) T.@mstr EvesNimse s N ' derivatives of entropy and volume may right away be
e replaced by partial molar quantities in the expression
= | = R for mobile components):
MI [ aN' ijQm;érrvErrijka#i , (217) p )
. L . djsy = ——=p——d v (Eim — dimErr)
where the partial derivative with respect to one of the ONj(sp \m=1 ONj(sy
quantities standing in Eq. (1.28) under the differential mIr (2.22)
symbol is taken at the constancy of all others. 4y %Bmy . vy "> Opi dN
If the amount of an immobile component is fixed ONi(sy ONi(sy ' ONj(sy
on all sides @\ = 0), chemical potentials become - S OBm
) A P dui =-§dT+ 2 [Vi(Ejm - SimErr) + V ———]den
functions of temperaturel, the componentselm hm=1 ON;
except fore,, of the strain tensor, and the amounts (in m= ud (2.23)
moles) of mobile componentsl. Correspondingly, — VidBy. '

the differentials of chemical potentiajg,, andw; are

given by the expressions For the sake of further transformation of Eq. (2.22),

OHj(sh duj(sy we detail the derivativesoV/oN;qy and OE; /N

3 )
duj(sy = - dT + | 2—1 7q dam which should be now treated with accounting for that
et m ther direction is free. The expression for the first of
Oki(sy OLisy these derivatives we derived earlier {see [1],
+ﬁd5r + iZWdNi, (2.18) Egs. (6.1.26) and (6.1.30)}
r |
oV
A On 3 ou —— = Bk s, (2.24)
(dHI)Nj,Ni T dT+ :’mélm dem ONj(sy
m=rr
Ol A where «,, = —de,/de, is a two-dimensional Poisson’s
toE, GEr + 2 —aN; dN;, (2.19)  ratio in thesr plane. As for the derivativéeE,,/oN;q,

we may again use Eq. (2.11) with the specification
that the modulus,,,,¢; is now of another meaning (we
where the partial derivatives are taken at the constanayill mark it with a prime). Indeed, since thedirec-
of the quantities indicated in Egs. (2.18).15) and tion is free, addition of matter along another (always
(2.17). After substitution of Egs. (2.16) and (2.17) inrestricted) direction will mean not only compression
Egs. (2.18) and (2.19), respectively, we now reversef the matter in this direction, but also dilatation in
the order of differentiation in the second partial deri-the r direction in accordance with Poisson’s ratio. If,
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however, matter is introduced along the free directionEqg. (3.1), A symbolizes the difference of quantities
intensive parameters of the system do not change atarked with single and double primes. If a component
all, and the derivativedE,,/ON;y becomes zero. In is absent in the initial or final state, its corresponding
view of the aforesaid, we write Eq (222)§1:¢ rr as stoichiometric coefficient is zero. D|V|d|ng immobile
(symbol j) and mobile (symboli) components, we

oS i
d“i(St):_aNj(St) dT may write Eq. (3.1) as

+Vj| Z l[83t1<sr(EIm—8lmErr) — Mimstldam A= Ajzvﬂ/LJ ¥ :I-AizvJ Hi (3.2)
m=
Ima=rr or, for the components of the chemical affinity tensor,
Oon
— Bspe gV By + X = — dN;. (2.25)
SESTTAT T ONjsy Ay = AJ-EV]MJ'(SO + SStAiZViMi' (3.3)

The simplest expression for the chemical potential \we here have to admit the existence of several
of an immobile component results at = rr. Then, jmmobile components, as it happens, for instance, in
according to the definition of partial molar quantities, heterogeneous systems even under the condition that
the derivatives of entropy and volume are replaced bgach phase contains only one immobile component.
their partial molar values for the immobile component
(herewith, the partial molar volume may be replaced Tq bring into the picture the effects of temperature
by the molar volume, as it was said above), whereagng mechanical state on the components of chemical
Aimr DECOMes zero (this circumstance was not takegfinity (at specified amounts of all substances in the
into account in [1]). As a result, we have initial and final states of a physicochemical process),
3 one should write Eq. (3.3) in a differential form
djry = —§dT + Z_ (Eim — dimErr)dem

Lm=1 dAy = AjZdeMj(st) * SgALvidpy (3:4)
- VidEy + 2 GNAdNi- (226)  and apply any of the above expressions for the che-
o mical potentials of immobile and mobile components
_ _ (2.10), (2.12) or (2.23), (2.25). If the transport of
By comparing Eq. (2.26) at fixed amounts of matter proceeds in thedirection, the most important

mobile componentsd\; = 0) with Eq. (1.24), we note for practice turns to be the expression
that the only difference is that molar entropy is re-

plac_ed by partial molar entropy. The cqnd_it_ions of dA, = AZvidygy + AZvidy. (3.5)
applicability of Eq. (2.26) are of practical significance, i '

since matter is most frequently transferred along a sypstituting first Egs. (2.10) and (2.12), and then
free direction (other conditions may take place, folEqs. (2.23) and (2.26) in Eq. (3.5), we obtain two
example, in the presence of rigid semipermeable wallspxpressions for the chemical affinity differential with

different sets of variables:
3. EXPRESSIONS FOR CHEMICAL AFFINITY

AND CONDITION OF STATIONARITY S

3
GN = —AZ Vi T+v, X A
(dAr NN, : vj( AN d v, Z, imrrd8m)

Knowing the expressions for chemical potentials,
we may now write expressions for the chemical affini- AT (S gT $ OBm dam), (3.6)
ty of an arbitrary physicochemical process, including i oG ILm=1 0G
chemical reactions. The chemical affinity tengors

defined as [1] (A, = -AXviSdT - AZvisdT

3
+ A%Vj\/j[I %:1(Elm — SimErr)dem — dEy]

3 5 (37
wherev, are stoichiometric coefficients, and summa- * A%vi{, 2 [Vi(Em - 8mEr) + V@I:E'TT] dém — vidEy}.

tion is carried out over all components of the system.

The quantities related to the initial and final states of For processes involving no matter movement in
the process (they can differ in space and time) arspace (chemical reactions, polymorphous transitions,
marked with a single prime and a double primegtc.), the initial and final states are usually compared
respectively. In the second, more compact form oat the same temperature. Then the perfect differential

N N N, N
A= Zlvidtk — Vi) = AZviy (3.1)
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of chemical affinity (3.6) may be written in a more

oS
compact form as AT +3 dT

(5 ONry i v GN, )

(O =-AEv(05— T+ S0 T 3 Eim
N i) Lm=1" ON, 7 rEf:lA[(jz"j\/jklmrr - iZVi W] dem], (3.12)

. :
v Of 3.8 _ _
g MGV = 2vi 56 dan S8 . ASdT= - AVdE,

_ 6E|
+ ¥ A[V(Em - 8imEr) +VIvi —=™] dgy}. (3.13
If not only temperature, but also streSs is equal ey ALV(Em = BmErr) +V v aNi] Om}- (3-13)

for the initial and final states, the representation of the
perfect differential of chemical affinity (3.7) is Equation (3.12) gives temperature as a function of

simplified: the components of the strain tensor in the initial and
final states of a process. Equation (3.13) gives tem-
(dArr)N N, = —ASdT- AVdE, perature as a function of the normal component of the

E|m] d (3.9) Stress tensor in thedirection and the complementary
Qm}- components of the strain tensor for the initial and final
states. If a process is carried out, as it often occurs, at
a constant stress, all the components of the strain
tensor can be expressed through (common for the
initial and final states) six components of the stress

+ A{[V(Elm SimErr) + VZVI

l,m=1

HereS andV are the entropy and volume of a stoi-
chiometric mixture of substances:

||

S = Tvs + Svs 1 tensor. Us_,ing these variables, the dimensionali'ty of

S jVJ% TS (3.10) the state diagram is 7, and the temperature of stationary

V= Zvv + Ivv, (3.11) affinity makes a six-dimensional hypersurface in a
|

i seven-dimensional space. Note that the second term
so that—AS and —AV are the entropy and volume on the right-hand side of Eqg. (3.13) reflects the speci-
effects of the physicochemical process under consfICIty of the mechanical anisotropy of a system. This
deration, res epctl)\//el P term disappears on passing to a mechanically |sotrop|c
P y state (we remind that the derivative standing there is

The value of chemical affinity determines the ratetaken at constank,, and, therefore, becomes zero at

of a physicochemical process, while the sign of th = ).
chemical affinity determines the direction of the The above relationships are of general character
process‘(plus’ corresponds to the direct,“minus’to  and apply to any processes in time and space: che-
the reverse process). When the affinity is zero, thenical and physical and directed and undirected. This
process ceases, and the equilibrium involves thmakes these relationships valuable. However, the
substances in the initial and final states. Generally, thabove reasoning may seem to be too abstract. To un-
chemical affinity and the rate of a physicochemicalderstand them better, a representative example is
process are related by a coefficient whose valueeeded, involving both directed and undirected pro-
depends on the temperature and the mechanical statesses and illustrative of the role of mechanical aniso-
of the system. Therefore, one cannot ensure that, imopy. Evidently, a solid should be considered, and we
the course of the process, the constancy of chemicahoose polymorphous transformations for such an
affinity implies a stationary process. This is true onlyexample.
in the case of equilibrium, since the process rate will
be always zero if the chemical affinity remains equal 4. POLYMORPHOUS TRANSFORMATIONS
to zero. For this reason, equations for stationary
affinity (which are valid at any its value) turn to be  The gist of polymorphism is that, depending on
the most important in practice for equilibrium statesexternal conditions (thermal and mechanical action,
and are most frequently used for studying just thesexternal fields, etc.), spatial structures of various types
states. can arise in a system of a given chemical composition.
In other words, the lattice formed by an immobile
At given amounts of substances in the initial andcomponent can change its type (symmetry) depending
final states of a physicochemical process, the differeren external conditions. As was already noted, the
tial equation of the stationarity of chemical affinity concept of lattice is applicable not only to crystals,
can be obtained from Eqgs. (3.8) and (3.9) by settingput also to amorphous solids (in the latter case, the
dA, = 0: lattice is characterized by random location of its
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sites in space). Therefore, amorphization of solids cakq. (4.1.4) turns to be more convenient. In the equilib-

also be classified conditionally as a polymorphousium state diagram, both the equations specify a hyper-
transformation. From the thermodynamic standpointsurface separating the regions of existence of phases

polymorphous transformations are phase transitiorsnd f (coexistence of the two phases is possible on
of the first or second order. Let us consider these twthe hypersurface itself).

cases separately. For the sake of simplicity, the sys-
tem is implied to contain only one immobile com-
ponent and no mobile components.

Equation (4.1.4) can be obtained directly from the
equilibrium condition derived by Gibbs (who, as is
known, never used the notion of the chemical potential
of a solid) for a stressed solid contacting with a liquid
along a certain direction [5]. Under conditions of iso-
tropic deformation produced by hydrostatic pressure

(Em = SimErr = -91mP), EQ. (4.1.4) is reduced to the
§ own ClapeyronClausius equation

4.1. First-Order Phase Transitions

If a phasea transforms to a phasp through the
mechanism of a first-order phase transition, the phas
contact each other and have a common interface. T
r direction of matter transfer from phaseto phase dT _ Ay
can be then defined as the direction of an external, W:A—%' (4.1.7)
with respect to phasex, normal to the interface.

Correspondingly, the transition will be governed by The equation of the same simple form is obtained

chemical affinity from Eg. (4.1.4) in the case of one-sided compression
(in the theory of elasticity, this term designates
Ar = Wi - plﬁ(”), (4.1.1) longitudinal compression of a column under the con-

dition that its transverse dimensions cannot change)
where pj, and Mjﬁ(rr) are the components in the
direction of the chemical potential tensor for the only [ aTj _ Ay (4.1.8)
immobile component in phasesandp, respectively. OBy Jamznr  AS

OBy
At phase equilibrium, we have
As correctly noted in [5], the same equation is also
Ar =0, pjim = plﬁ(”). (4.1.2) obtained for any small strain, provided the initial state
of a solid is isotropic, i.eE, = §,,,E,;, (Kumazava has
The range of state parameters, where maintenanderived a similar equation for one-sided compression
of the phase equilibrium is possible, is determinedof a specimen under the condition of a uniform hydro-
depending on the choice of variables, by Egs. (3.12tatic pressure [6, 7]). As for Eq. (4.1.8), it is not
and (3.13) which in the case in hang € 1,v; = 0, related to the vicinity of an isotropic state.
S =15,V =y, take the form
5 It is seen from a comparison of Egs. (4.1.7) and
A—SS 4T=_ 3 Apumedey), (4.13) (4.1.8) that the dependence of the temperature of
ONi(rr) Im=1 ) ' a polymorphous transformation on stress is the same
3 at all-sided and one-sided compression. The sign of
A§dT = -AvidEy + 2 A[Vj(Eim — SimErr)dem, theentropy effectAs; is the same for all substances,
' (4.1.4) since the molar entropy of a high-temperature phase is
always larger than the molar entropy of a low-tem-
where A now symbolizes the difference in a quantityperature phase. However, the volume effagt can
for phasesx and . In particular,As and Ay, are the have any sing. Most typically, the molar volume of
molar entropy and molar volume effects for thethe high-temperature phase is also larger than the
reverse phase transitiof— o molar volume of the low-temperature phase. Then the
signs of the volume and entropy effects of phase transi-
(4.1.5) tion and the temperature of polymorphous transforma-
tion decreases with increasing stress, as shown in
= Vi - vJB (4.1.6) Fig. 2 (thecharacter of the dependence will be op-
posite when stress is replaced by pressure). However,
(molar and partial molar quantities coincide for one-there exist abnormal cases of polymorphous trans-
component phases). Equation (4.1.3) is convenieribrmations (we can point out red and yellow modifica-
when polymorphous modifications are compared ations of PbO or monoclinic and tetragonal forms of
the same state of strain. If, however, polymorphougrO, as examples) when the high-temperature phase
modifications are compared at given stressesurns to be denser than the low-temperature phase, so

B>
<
Il
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that the derivatived T/dE, becomes positive (and the  Until the excess stress is small, the denominator of

pressure derivative negative). Eq. (4.1.12) is close to unity. Thus one may set
Equation (4.1.4) can also describe the case of the dT (E11—-Ex) Vi

simple tension (or compression) of a column when [d—EJ M s A[ k’ J (4.1.13)

lateral stresses (but not strain) are constant, as it 11/ Em211 3 111

gagpn)e;i?, ;ﬁ;%:ﬂgli’ fﬁaih:nteggog ngfl gu(r:ﬁ:#;?]g Ié"om which it follows that the phase-transition tem-
P ' y dlag erature increases or decreases proportionally the

o e i S comesasalbecrs 1t o Sguare of he sress applie. I, howeter, the siress i
’ o large that, inversely, one may neglect unity in the

to E,. We first consider the case when tension is .
carried out along a certain direction (direction 1)dﬁ22$2a:8r of Eq. (4.1.12), then Eq. (4.1.12)

parallel to the interface, whereas the stress on the

interfaceE,, is kept constant. If the column consists 4T AMVi1119)

of two phases, both phases will be subjected to a [d—EJ zm. (4.1.14)
variable stresds;; and constant stressés, = Eg; = 11/ Eimzn M1

]%anherewnh, E.m = 0). Then Eqg. (4.1.4) takes the The dependence df on E,, given by Eq. (4.1.14),

is practically rectilinear. Especially illustrative is the
case when the difference in the molar volumes of
polymorphous modifications is negligible. Then

and describes the behavior of the phase-transtiorl':ﬁq' (4.1.14) becomes

AsdT = (Eqy — Ey)A(videry) (4.1.9)

temperature in a mechanically anisotropic system (it a7 A(L/111)
iS impossible to pass to an isotropic system in [d—EJ S (4.1.15)
Eqg. (4.1.9) which then simply loses its sense). Passing 1 Eimzn 11

to the independent variabl&;; and dividing both : . :
: . This case is hardly rare, since polymorphous trans-
gﬁir;s of Eq. (4.1.9) bylE,,, we arrive at the relation formation is a structural one and involves primarily

changes in the shape of the body than in its volume

a7 Eyi— Ey dey (which is usually rather small). When it comes to

[d—Ej =— s A [vj e j (4.1.10) anisotropic solids, we can easily imagine the case of

1) Emn 9 1 a first-order phase transition, when the molar
The derivativede;;/dE;; can be represented as volumes are strictly the same, whereas some com-
ponents of the strain tensor have a break, let alone

d deyp deyp dT such structural characteristics as Young’s modulus
oep _ | =2 + ar. , >
dEn dEj1 ) TEm#Eqy dT J& dE; and the thermal strain coefficient.
" +011 dr , (4.1.11) Equation (4.1.10) can be represented in one more
M1111 dEi very compact form. Since Eqg. (4.1.10) actually

where A,,,; and 6;; are Young’s modulus and the describes the dependence of the phase-transition
thermal strain coefficient (the component of tensotemperature on the excess stréss — E,, the iso-
(1.9) in direction 1), respectively. Substitution oftropic state at,, = E,, = E3; may be conditionally
Eqg. (4.1.11) transforms Eq. (4.1.10) to the form taken for the initial state of zero strain. Although the
derivative de;,/dE;; is here not isothermal, one can
dT _ (B11-En) Al V] assume (because of the smallness of strain) a linear
TdE)En.n  AS M11 dependence between the quantitgsandE;; — E,.
Then, by putting the differenc&;; — E,, under the

Ey1—Epr symbol A, we can write Eq. (4.1.10) as
[ —TA(Vjeu)]- (4.1.12)
3 dT _ A(viern) (4.1.16)
Equation (4.1.12) describes the dependence of the dE11)Emen AS ' o

phase-transition temperature on the excess sEgss
E,, applied parallel to the interface. In the initial iso-
tropic state, the derivativdT/dE; is zero, but it be-
comes more and more appreciable with increasing We now consider the case when the interface is
excess stress. perpendicular to the direction of uniaxial dilatation.

where the deformatioe,;, remember, is produced not
only by mechanical, but also by thermal effects.
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Then E;3; = E,, is the variable stress applied to bothEq. (4.1.17) in the form of Eq. (4.1.19), we can [using
phases simultaneously at the constancy of all othéhe same arguments as in passing from Eg. (4.1.10) to
stressesK;; = E,, = E, E,,, = 0). From Eq. (4.1.4) Eq. (4.1.16)] reduce Eq. (4.1.17) to the compact form

we have ) )
de v 1

—= =____ZA[vXg] (4123

dr| o BB g [y da j (4.1.17) [dE” e~ 2y a5 M AL (129

dBr JEmer 8§ Ay =10\ dE ) o where the strain tensor componergs include not

By analogy with Eq. (4.1.11), one may use theonly the (negative) deformations of transverse com-

representation pression reckoned from a mechanically isotropic state,
P but also thermal effects. The first term on the right-

de oq o8y dr hand side of Eq. (4.1.23) corresponds to the Clapey-
E: { °E jTE c + aT )& dE, ron-Clausius equation. The second term plays the role
r rr/ = of a correction whose value depends on the elastic and
- dT e thermal properties pf poexisting phases, as_well as on

= + 0 dE, ' (4.1.18)  the degree of deviation from the mechanically iso-

, tropic state (for the isotropic state itsedf, = 0, and

where x is a usual (three-dimensional) Poisson’sg 4.1.23) strictly chanages to the Clapewon
ratio, A, is Young's modulus for the direction, and C(Iqaius(iu's -eq)uation).y g neyt

0, is the thermal strain coefficient (the component of

the tensor shown in Eq. (1.9)) in thie direction. From Eq. (4.1.4) also follows the relationship

Substitution of Eq. (4.1.18) in Eq. (4.1.17) leads to - o AE

the relationship e e LU 4.1.24
[aelm jErrveSt;ﬁrr A% ( i m). ( )

dT _| AY  Ex-Ey vi 2 . Stz im .
g, Je .. _EJ' AS A py— El“lr / that describes the effect of the shear strain on the phase-
r/Hm transition temperature. Here the coefficient 2 appears
E,—Ey 2 because of the symmetry of the _s_train and stress tensors
[1 v A[\/j 2 euﬂ, (4.1.19) (8, = ey andE, = E,). In addition, the shear strain
9 =1 does not affect the molar volumg so thatv, may be
which show how the excess uniaxial dilatation in afactored outside the difference sign.
direction perpendicular to the interface, affects the yt should be said that phase transitions in noniso-
phase-transition temperature. In the initial isotropiGyopically stressed solids have been well documented.
state, the value of the derivativlT/dE, exactly cor- \we show here how it should be done on the basis of
responds to the Clapeyre@lausius equation (and can the chemical potential tensor and with accounting for
be small if the molar volumes of the polymorphousinterface orientation. The notion of chemical potential
modifications are close). In the region of small exces§ a5 never used earlier, and the problem was solved
stresses, Eq. (4.1.19) can be written as in terms of the truncated thermodynamics of deforma-
tion (for example, as it has been formulated in [8]).
[ﬂj L ML BB A["j %KJ (4.120) Instead of the equality of the normal-to-interface
dEr ) Emere A Ag P A components of chemical potential, the equality of
from where it is seen that the dependence is still pragnolar Gibbs energy or the functio® = F -V,
tically linear (unless the volume effect of the poly-Z En8m wWhereV, is a certain constant volume in

. . L. I,m
morphous transformation is too small). In the limit of | , : .
large excess stresses, Eq. (4.1.19) is reduced tothe strainless state usually introduced when using the

Piola stress tensor, was postulated. In this way, Coe
.5 and Paterson [9] derived the equation (in our notation)
[ dTJ ~ A b Y [/A § (4.1.21)
dBr ) Emerr  \ rrr 121 Ir Vi I:leII ,
and becomes still simpler when the molar volumes of

[ de __ VioA@m (4.1.25)
oge . Est#rr .
the polymorphous modifications are close to eaclhere Vo is the molar volume for a standard state

dBm As
other: (from which strain is reckoned), assumed to be the
) ) same for both polymorphous modifications. This
[ﬂj ~ A[L zklrj/A[ 30 j (4.1.22) means that, at least for one of the phases, the standard
dBrr ) Eimerr e 121 2" state possesses appreciable stresses which, in addition,
Along with the detailed representation ofare not given uniquely (the same volume can result
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from various combinations of stresses). Therefore, the

final strains present in Eq. (4.1.25) are,lat m, of T
another (and less clear) meaning than the strains in

Egs. (4.1.16) and (4.1.23). Coe and Paterson [9]

passed from their Eq. (4.1.25) to the Clapeyron

Clausius equation by setting= m and summing up

the right-hand side over all directions. Therewith,

Eq. (1.16) is needed, but this standard relationship of

the theory of elasticity evidently implies that ad}

relate to the same state of strain, i.e. gllare simul-

taneously obtained from the same (single) experiment. =
However, the right-hand sides of Eq. (4.1.25) refer to

simple dilatations in different directions (i.e. to dif-  Fig. 2. Fragment of the phase interfacab in the
ferent experiments), and the strains standing there do E,-T coordinate plane.

not coincide generally with their values at all-sided

dilatation of the same specimen. of phasea and the other through the region of phase
B. We designate the quantity, calculated by
4.2. Second-Order Phase Transitions using the first and second paths &g, and dujﬁ(,r),

o o respectively. Since the result of calculation must be
Polymorphous modifications cannot coexist simulindependent of the path, we, evidently, have
taneously if the polymorphous transformation— 3

is a second-order phase transition. There is no inter- dury = difier)- (4.2.1)
face in this case and no direction selected in space.
However, the interface between phaseandp in the If we now put the expression for the chemical

above-mentioned state diagram does still exist as potential of an immobile component, given by
six-dimensional hypersurface. The difference is thaEq. (2.12) or Eq. (2.26) into Eq. (4.2.1), we formally
this hypersurface corresponds to the phase equilibriuwbtain again Eq. (4.1.3) or Eq. (4.1.4), respectively
o~ in the case of a first-order phase transition, bu{for a one-component system). However, the first
now simply separates two monophase regions. In theéerivatives of the molar Gibbs energy (here chemical
case of a first-order phase transition, thermodynamipotential) exhibit no jump on passing from one phase
potentials and their first derivatives do not change ato the other in the case of a second-order phase transi-
the transition point and belong to both phases simulion (AS = 0, AV = 0, etc.). Therefore, the resultant
taneously. Therefore, one can say that Egs. (4.1.2) (faquations degenerate into identities unusable for
an arbitrary direction) are still valid, but now as calculations.
identities.
Second-order phase transitions differ from first-

To derive the phase-interface equation, let us userder phase transitions in that not the first, but the
the following procedure. We select pointssand b second derivatives of thermodynamic potentials un-
infinitesimally close to each other on the phasalergo a jump at changing from one phase to the
interface hypersurface in the state diagram (as aother. Therefore, if we wish to derive an equation for
example, the points are depicted in Fig. 2 as theithe a3 interface in the state diagram for a second-
projections on theE,—T coordinate plane) and con- order phase transition, we have, turningRig. 2, to
sider change in a certain property when moving fronconsider the variation, along the interface of a certain
one point to the other. As such a property, we firsiproperty which itself is the first derivative of thermo-
choose the component for an arbitrary directigp,y  dynamic potential (here free or Gibbs energy). The
of the chemical potential tensor. Its changig., on  standard procedure for isotropic systems makes use
passing from point to pointb can be calculated in of entropy and volume. Let us see what this gives for
various ways by alternately changing state paraanisotropic bodies.
meters. As seen from Fig. 2, the path frano b goes
through the region of phase if we first reduce tem- Taking the molar entropy of an immobile com-
perature and then increase stré&ss or, vice versa, ponents for the property required and repeating all
through the region of phasp if we first increase the above reasoning related to Fig. 2, areve at the
stress and then reduce temperature. Invoking also tle®ndition
rest variables, we may say that there are always two
paths from pointa to pointb: one through the region dy* = dqﬁ, (4.2.2)
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which is evidently true at any choice of variables. ce
Choosing first temperature and the strain tensor com- ASmAmEn §T = _A(vi0y,)dE
ponents as variables, we have the expression for the U
perfect differential of molar entropy in a closed
system

3
+| r,%‘leA[Vjerr(Elm = imErr) + ViNim(r)ld&m, (4.2.6)
(I, meerr)
that describes the interface as a hypersurface in the

_ 3 _ ; , )
ds = S? aT+ > 0s; dar state diagram in the case of a second-order phase

I,m=108m transition.
—_Ce dT-y, immdam, (4.2.3) An interesting result is obtained when molar en-
T l,m=1 tropy is replaced by molar volume which is also the

first derivative with respect to free energy and Gibbs
In the second form of Eq. (4.2.3), we used Eq. (1.7energy. Then, instead of Eq. (4.2.2), we have the
and introduced two quantities: heat capacity at constafitial equality
configuration of the systerg, (analog of specific heat
at constant volume in isotropic systems) and thermal dv = dvf. (4.2.7)
stress coefficient),, (showing what additional stress

in a direction chosen arises at changing temperature Ch00sing temperature and the strain tensor com-
ponents as the variables of the phase state, as in

by one degree in a closed system of fixed configuraE : . i :
. . . g. (4.2.3), is of no interest in this case. The matter
gg:ﬁtiggttmg Eq. (4.2.3) in Eq. (4.2.2) leads to theis that variation of molar volume with temperature

becomes impossible at the constancy of the configura-
ca 3 tion of a closed systemg(, = 0), so that the expres-
AdT= I%ﬂA(lem)de, (4.2.4)  sion for the perfect differential of molar volume in
’ the closed system will not contain the temperature
where A symbolizes the difference of values of adgifferential needed. Therefore, we use the set of vari-
quantity in phases. and . Equation (4.2.4) in other ables standing in Eq. (4.2.5) and implying presence
terms describes the same hypersurface as that des-a free direction. We write the expression for the
cribed by Eq. (4.1.3), but now for the case of a secondserfect differential of molar volume in a closed

order phase transition. system as

Choosing now temperature, the normal stress in the =M g1+ Mg 4 § v d

- . - ’ . =— == .(4.2.8
r direction, and the strain tensor components in the Sl BBy O T | g By Lo (4:2.8)
rest directions as variables, we write the expression (Im)
for the perfect differential of molar entropy in a closed Using Eq. (1.34), we express the first derivative
system as on the right-hand side of Eqg. (4.2.8) through the

thermal linear dilatation coefficient in thedirection

Js; Js; 3, Js ivati
ds = 4T+ 4. +¥ S g 6,;. We express the next derivative through the one-
37T BEy U5 e g OO sided isothermal compressibiligy, in the same direc-
(merr) tion, given by Eq. (1.36). The last term in Eq. (4.2.8)

—_— CErerm¢rr A
G AT+ vjOrr dBr is transformed with accounting for Eq. (1.40) that

3
=V}, 2 [0 (Eim - 8imErr) + imgmyld@m,  (4.2.5) introduces a two-dimensional Poisson’s raig in
(,meerr) the rl plane (dilatation in the direction is accom-
panied by lateral compression in theirection at the
In the second form of Eq. (4.2.5), we usedconstancy of all other components of the strain tensor).
Egs. (1.37) and (1.38) containing the quantitigg,y The resultant form of Eq. (4.2.8) is
(thermal stress coefficient under the condition that

the normal stress in the direction is kept constant) % = VifrdT + vz dEy +vj 2 (1 - xa)dey (4.2.9)
and 6, (thermal linear dilatation coefficient in the or
r direction under the condition that all other directions din y; = 0,,dT + y,dE, + 2 (1-)dey. (4.2.10)

are blocked). Besides, we introduced the specific heat

Ce, e, &l constant pressure in one direction and \We now may substitute Eq. (4.2.9) in Eq. (4.2.7).
constant system boundaries in all other directionsdowever, it will be simpler if, instead of considering
Substitution of Eq. (4.2.5) in Eq. (4.2.2) leads to thethe variation of molar volume, we now consider the
equation variation of the logarithm of molar volume along the
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phase interface in the state diagram. Instead of

Eq. (4.2.7), we write oT _ AMO) e o
aEr Cimaxst Am Aerr ( e )

.
dinv{* = dinvf (4.2.11)
If, however, the substance is placed inside a tube

and substitute Eq. (4.2.10) in Eq. (4.2.11). This yieldsvith open ends at constant external pressig €
the phase-interface equation for a second-order phagenst), the equations obtained yield

transition
[GTJ _ A[ViOr By — Err) + Vimuigm)]
A6, dT = —Ay,.d - 2 Ax,dg, 4.2.12 B
rm Yrr ABry A a ( ) 2@l JE, e A CErrv$m¢rr
Equation (4.2.12) is essentially simpler and, simul- _ A% ) (4.2.17)

taneously, poorer than Eq. (4.2.5), since Eq. (4.2.12) Ay

contains only diagonal components of the strain tensqpy the one-sided transverse compression. If the sub-
and only for two directions (different fronm). stance is subjected to shear strain, the corresponding

As already noted in the preceding section for theéquation can be obtained from Eq. (4.2.6):
case of anisotropic bodies, the volume change can b _ 3 _
continuous even for a first-order phase transition.(a_TJ _ ANOrEim = OmErr) + Yime)]
More generally, observation of only volume behavior\%@mg, e, A CEr Bime
in phase transitions is quite insufficient for anisotropic sm T (4.2.18)
bodies: It is necessary to control the whole strain
tensor. In the case of a second-order phase transition, \we now turn to the case of simple tension. Equa-
the strain tensor itself is continuous at intersecting thgon (4.2.12) that originates from the continuity of
phase interface in the state diagram (this means thgg| me logarithm yields
all its componentsg,,, are continuous), but some of

its derivatives undergo discontinuity. In place of (4T _ M 1 AX [ 4219
Eq. (4.2.7), we now write 9 Py Vo o ngg, - 4219
defi, = def, (I, m=1,2 3), (4.2.13)  Equation (4.2.15) produces an even simpler result.

Writing Eq. (4.2.15) for the condition of the con-
and choose temperatuiieand the stress tensor com- tinuity of the strain tensor componest at fixing all

ponentsE as independent variables: stress tensor components bHt, we have
anJ 3 [anJ oT A ererr)
dogm=|—— dT+ Z d - =
o [GT 2T e e, O [aarj - a0y 1 @20
5 4.2.14
=OmdT + % dEs/7stm, (4.2.14)  where &, is Young’s modulus in the direction.

. . - . Equation (4.2.20) gives evidence showing, first, that
(hered,, is the thermal strain coefficient aridyy, IS he phase-transition temperature is linearly dependent
the elasticity modulus at given stresses). Substitutiog, the value of one-sided stress and, second, that for

of Eq. (4.2.14) in Eq. (4.2.13) leads to the relationshipy, 4nisotropic body the slope of the line depicting this

dependence can be different for different directions.
In the case of a second-order phase transition, the
problem of mutual orientation of the physical phase
interface and the direction of the stress applied is
which describes the effect of stresses on the phaseancelled. Therefore, the phase-transition temperature
transition temperature. can be assumed to be a function of only the prin-

We now apply the equations obtained to the ex-Clloal stressest,, By, and By

amples considered in the preceding section for first- _oT
order phase transitions. In the case of one-sided dT= 0B,
tension (in ther direction), according to Egs. (4.2.6)

and (4.2.12), the variation of the polymorphous trans- Passing in Eq. (4.2.21) to the isotropic calg =
formation temperature is given by the relationship dE, = dE; = dE, we obtain the relationship

3
AOdT + 2 A(l/gy)dEs=0 (,m=1,2,3), (4.2.15)
I,m=1

oT oT
+ + 4.2.21
dE; °E, dEs 2, dEs. ( )
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oT _ oT oT oT

E - oE; + oE, + oEs’ (4.2.22) .
that was confirmed experimentally by Coe and Pater-
son [9], who studied the effect of one-sided stress on
the temperature of the transformation @fquartz to  2-
B-quartz (all the four derivatives in Eq. (4.2.22) were
determined independently). They obtained a purelg
linear dependence of the transition temperature on
stress. One can say more. Since, according to their
data, a-quartz possesses a higher linear compressibi-
lity and a higher linear thermal dilatation coefficient
as compared witlt-quartz, Eq. (4.2.20) also correctly .
predicts the sign of the slope of the linear dependence
(in that experiment, the phase-transition temperature
increased under one-sided compression). The above
facts incline us to the known interpretation of e ¢,
transformation as a secon-dorder phase transition,
although Coe and Paterson eventually adopted the
variant of a coherent first-order phase transition. /-
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